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Abstract

The emphasis of this thesis is on cosmology experiments using a submillimetre continuum array

receiver. Divided into two parts, the thesis initially explores an astrophysical model, followed by an

experiment based on results of the model. The second part deals with some of the design considerations

for SCUBA, the Submillimetre Common User Bolometer Array. The thesis touches on all aspects of a

problem in astronomy: the theoretical modelling, an observational experiment, and the development of

instrumentation.

Part I deals with the astronomical question of gravitational lenses and the microwave background.

Simulations of an anisotropic submillimetre background due to dusty primeval galaxies are presented,

along with the observations that would result when gravitational lensing by clusters of galaxies is con-

sidered. The experiment was tried with the single pixel bolometer system on the James Clerk Maxwell

Telescope and it measured an upper limit on CBR anisotropy of ∆T/T < 4.6× 10−3 (95% con�dence)

towards the cluster Cl 2244− 02 at the angular scale of 5′′. The small angular scale is due to the aid of

the cluster lensing e�ect.

The second part looks at the extensive design considerations for the feedhorn antennas and the

bolometer integrating cavities in SCUBA. Single mode optics optimizes aperture e�ciency and this is

usually achieved by having a length of waveguide, but analysis here shows that one can still have a

single moded device without a waveguide. A �lter drum furthers SCUBA's capabilities by allowing the

detector arrays to operate at higher frequency wavebands, as well as the primary wavebands. At the

higher frequencies the feedhorns are overmoded, which is a case investigated in this thesis. The SCUBA

Project will have the horns fabricated by an outside contractor according to the speci�cations derived in

Part II.
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Chapter 1

Introduction

In recent years, observations at wavelengths shortward of 1 mm and longward of ∼200 µm have been

actively pursued. This submillimetre region is particularly interesting from the point of view of star

formation studies, as well as observational cosmology. As to the former, future submillimetre observations

promise to uncover dust enshrouded protostars in the process of becoming stars. In cosmology, the

existence of the Cosmic Background Radiation makes submillimetre observations essential. The CBR

can be used as a diagnostic by studies of its spectral and spatial morphologies, and also by using it as

a background source to fuel foreground e�ects such as Compton scattering in clusters of galaxies (the

Sunyaev�Zel'dovich e�ect), or gravitational lensing by massive objects such as clusters or strings. This

thesis is concerned with the latter e�ect, and explores the possibility of detecting an anisotropic excess

to the CBR which might arise from an early population of dust covered primeval galaxies. Gravitational

lensing by a galaxy cluster can amplify the �ux from such a source by redirecting stray photons into the

telescope beam.

Opening the submillimetre window to the universe is technologically non-trivial, which explains the

relative newness of the �eld. Aspects of radio astronomy at one end, and infrared astronomy at the other

are brought together to create this new submillimetre regime. Detectors need to be cooled in order to

be sensitive to the �heat� radiation from submillimetre sources as in the infrared, however, the detectors

cannot lie naked on a chip as in an infrared array. Instead, the radiation must be collected by a feedhorn

antenna and waveguide system, and then dumped onto the detector which sits in an integrating cavity.

This is the well understood radio technique, with the important di�erence that radio detectors need not

be cooled to temperatures in the region of 1 K. Technologically, the submillimetre regime brings together

1
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aspects of radio and infrared astronomy, and also introduces the concept of single moded optics which

improves aperture e�ciency.

Ever since Galileo �rst used a telescope to view the moon in 1610 astronomers have been intimately

involved with the development of new instruments. Most often, the needs of a speci�c experiment governs

the direction in which instrumentation progresses. In some cases, scienti�c research progresses by the

in�uence of existing technology, and an available instrument will inspire a new experiment. Galileo's

scienti�c leap forward took this path when he applied the already common mariner's tool of the telescope

to astronomy.

A submillimetre continuum camera called SCUBA (Submillimetre Common User Bolometer Array)

is being developed at the Royal Observatory Edinburgh, perhaps mainly for galactic astronomy, but there

are many applications to observational cosmology. The present thesis investigates a way in which SCUBA

can be used to search for primeval galaxies by using the gravitational lens e�ect of clusters of galaxies,

and it also presents some of the technical considerations involved in designing the feedhorn antennas for

the camera. The Cosmic Background Radiation makes submillimetre astronomy in cosmology essential,

and experiments can be designed with SCUBA in mind.

Historical

Heinrich Hertz demonstrated the existence of electromagnetic radiation in an experiment set up on

purpose to verify the prediction of James Clerk Maxwell. Scienti�c discovery doesn't always follow the

seemingly logical progression from theoretical prediction to experimental veri�cation, but the history

of electromagnetic radiation spans the nineteenth centurey and is just such a case of theory preceding

discovery. Electromagnetic radiation was predicted by Maxwell and demonstrated by Hertz.

James Clerk Maxwell is the well known scottish physicist who, bringing together and building on

knowledge of electricity and magnetism created one of the most important formalisms in physics. In the

late eighteenth century, the French physicist Charles Augustin de Coulombe demonstrated the inverse

square law of electrostatic force. This was further developed by the German mathematician Karl Friedrich

Gauss using the concept of the electric �eld. Another Frenchman, André Marie Ampère, showed how

a magnetic �eld is generated near a wire conducting electricity. The Englishman Michael Faraday, and

independently, the american Joseph Henry established the corresponding fact that electric currents can

be induced by a changing magnetic �eld. These principles form the basis of Maxwell's work who in 1865

published his somewhat unwieldy, but nonetheless brilliant formalism predicting the existence of electro-
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magnetic waves which propagate at the speed of light. It took the genius of the English mathematician

Oliver Heaviside to simplify Maxwell's work, through the use of vector calculus notation, into the familiar

four equations which are now known as Maxwell's Equations. Maxwell's work was highly regarded even

well before the experimental veri�cation of electromagnetic radiation.

The ingenious German experimenter Heinrich Hertz made his historic contribution nearly twenty

years later in 1888, some nine years after Maxwell's death. The apparatus of Hertz consisted of an

electrostatic spark generator �xed onto a parabolic metal sheet which acted as the transmitting antenna.

Much of the energy from such a spark can be seen as a bright �ash in the visible spectrum, but Hertz

demonstrated the existence of a much longer wavelengh of light, 66cm, when his counterpart receiving

apparatus triggered a magnetic dipole. For many years these radio waves were called �Hertzian Waves�,

but today Hertz is honoured by having his name as the fundamental unit of frequency.

Microwave radiation was �rst demonstrated by Sir Oliver Lodge in 1894 at the Royal Institution

in London. As part of that experiment, Lodge emitted radiation of 7.5 cm wavelength by placing an

induction coil in a hollow copper tube. This was then also the �rst demonstration of a waveguide. A few

years later, again at the Royal Institution in London, Chunder Bose demonstrated the work he had been

concerned with during the previous few years in Calcutta. Radiation of 5 mm reached his microwave

spectrograph through a �collecting funnel� which was in fact the �rst pyramidal feedhorn antenna. All

the major components for microwave experiments were in use before the turn of the century, but the

discovery by Guglielmo Marconi that longer wavelengths were much more amenable to communication

applications, created a nearly fourty year hibernation period for microwaves.

It was with the advent of World War II that interest in microwaves resurfaced. Microwaves don't

bounce o� the ionosphere, and in the early part of this century it was very di�cult to manufacture

sources for microwaves using only the vacuum tubes available at the time. While some experimentation

on wavelengths short of a metre continued through the twenties, mostly in Japan, general interest in the

subject waned. With the realization that the highly directional microwave system was very appropriate

for the radio detection of ships and airplanes, as well as being less vulnerable to eavesdropping, the

military sparked the ensuing microwave technology explosion.

In 1936 the cylindrical waveguide was �nally analyzed using Maxwell's equations by Wilmer Barrow

of the Massachusetts Institute of Technology. Here was the �rst use of the concepts of Transverse Electric

and Transverse Magnetic wave modes (see Appendix A). The analytical work was followed very closely

(and, in fact, independently) in 1937 by George Southworth of Bell Telephone in New York who performed

extensive measurements of waveguide �elds, verifying Barrow's predictions. As an astronomical aside, it
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is also noteworthy that Southworth, in 1945, was the �rst to make a microwave detection of the Sun.

Waveguides soon formed the essential component in microwave systems, especially military radar systems,

and the subsequent history of microwave technology has many protagonists [see e.g.Brittain 1989].

Meanwhile, Albert Einstein had already laid down the foundation of modern cosmology with the

General Theory of Relativity, published in 1915, and by 1929 Edwin Hubble had established his redshift�

distance relationship. Galaxies are retreating, and the further away they are, the faster they are rushing

away. The universe was obviously expanding, but this wasn't accorded to a �Big Bang� primordial ex-

plosion until 1948 by George Gamow at George Washington University. In order to explain the relative

abundances of atomic species, Gamow proposed a hot initial explosion of the universe �a few thousand mil-

lion years ago�, and followed the evolution of an adiabatically expanding universe to an epoch 3.9× 1013 s

later which he identi�ed as the time when matter would dominate over radiation in energy abundance.

This became known later as the �surface of last scattering� and Gamow's temperature of 340 K was

somewhat lower than the presently accepted ∼1000 K. Unfortunately, Gamow did not follow through

with his temperature evolution to the present epoch. His reasoning would predict a Cosmic Background

temperature of ∼67 K and although this is too high, still the 2.735 K CBR would have been readily

detectable with the available technology.

By this time the understanding of antenna structures was well advanced, and the �rst papers on the

conical feedhorn appeared in 1950 [see Love 1976]. The one by A.P. King is still referenced today, both

for its scienti�c content, and for its historical signi�cance. King de�ned the concept of the optimum horn,

and derived aperture e�ciencies, including the maximum obtainable �gure of 84%. More on this subject

will be presented in Part II.

Nearly eighteen years after Gamow's proposition of a Hot Big Bang, R.H. Dicke and Jim Peebles

of Princeton conjectured that a cosmic background radiation would be detectable, and set to work with

P.G. Roll and D.T. Wilkinson to measure it. In the same year, Arno Penzias and R.W. Wilson were

meticulously calibrating their horn re�ector antenna with which they planned to make absolute measure-

ments of Casseopeia A; a very strong radio source. The result was an excess antenna temperature which

couldn't be accounted for except as a uniform blackbody source across the sky. This was the �rst, and

most famous detection of the CBR, and both papers, the one predicting, and the other measuring, appear

one after the other in the same issue of The Astrophysical Journal [Dicke, Peebles, Roll & Wilkinson 1965,

Penzias & Wilson 1965]. Ever since that year, microwaves have been an essential diagnostic tool in the

study of Cosmology.

1965 is the year that Microwave Technology and Cosmology became entwined, but of course the
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history beyond this date is extensive in both subjects. Reviews of more recent work will appear in the

chapters that follow.

Organization of the Thesis

This thesis is organized into two main parts emphasizing �rst the astronomy and then the receiver

development. The underlying theme is Submillimetre Continuum Astronomy, and the thesis follows a

progression from developing an astrophysical model through the observational experiment associated with

the model, and �nally to some of the details involved in designing an instrument that will improve the

experiment.

Part I begins in Chapter 2 with a review of some of the theory in galaxy formation models which

postulate the existence of a submillimetre background radiation due to primeval galaxies. In addition,

the Sunyaev-Zel'dovich e�ect is also reviewed in Chapter 2. Chapter 3 presents the development of a

model to simulate the gravitational lens e�ect of clusters. The anisotropic submillimetre background is

modelled using a Gaussian power spectrum approach, and this is used in turn as the source �eld which

undergoes gravitational lensing. Simulations of particular clusters are presented along with a discussion.

The results are important within the context of the Sunyaev�Zel'dovich e�ect. Chapter 4 presents the

results and data analysis from a submillimetre observing run that attempted to detect the ampli�ed �ux

due to gravitational lensing described in Chapter 3.

The sensitive measurements required are perhaps beyond the scope of the instrument used for the

observations of Chapter 4, and this leads naturally to the second part of the thesis. Bolometer sensitivities

have been improved with new cryogenic techniques bringing temperatures down to 0.1 mK, and to go

along with this, submillimetre continuum receivers should employ single mode optics to reduce background

loading. Part II investigates conical feedhorn and integrating cavity design for the Submillimetre Common

User Bolometer Array which will eventually be used on the James Clerk Maxwell Telescope. In particular,

a proper understanding of wave-mode attenuation in feedhorns is presented in Chapter 6, and also

feedhorns which are overmoded are properly analyzed in Chapter 7. The behaviour of radiation inside

the integrating cavity is the subject of Chapter 8.

Finally, the summary in Chapter 9 also includes some suggestions for future cosmology work for

SCUBA.
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Part I

Modelling and Observation of the

Microwave Background

7





Chapter 2

Introduction to Part I

The most powerful diagnostic in cosmology is the Cosmic Blackbody Radiation (CBR) and in particular,

the spectral and spatial non-uniformities that might exist. Departure from a perfect blackbody spectrum,

and anisotropy on di�erent angular scales are probes of the early universe that provide the only observa-

tional clues to galaxy formation. Quantifying and identifying any bump in the background radiation is

vital for the understanding of cosmology.

One modi�cation to the CBR which occurs well after its origin, is the Sunyaev-Zel'dovich e�ect.

The validity of this e�ect is the only generally accepted CBR distortion which has yet to be satisfactorily

detected by observations. This consensus amongst theorists is due to to the very minimal assumptions

that require the existence of the S-Z e�ect. One need only postulate that a background radiation �eld

exists originating from a source behind a mass of hot gas. The detection of X-ray emission from clusters

of galaxies clearly indicates that hot gas exists between the galaxies, and only a handful of people take

exception to the assumption that the background blackbody radiation is cosmological [Arp et al. 1990].

The S-Z e�ect is of small magnitude, but it has great potential as a cosmological probe, most signi�cantly

as an independent measure of the Hubble time H−1
0 .

Another well understood phenomenon is the action of light being de�ected by massive objects through

the force of gravity. A gravitational well, such as a galaxy cluster, can be considered as a lens refracting

background radiation generally towards an observer. As with the S-Z e�ect, this is an experiment involving

observations towards a cluster of galaxies. In microwave astronomy, gravitational lensing by clusters has

not had the great attention given to the S-Z e�ect because �uctuations on the CBR are required in

order to make it an interesting investigation. Nevertheless, it is at the submillimetre wavelengths, and

9
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at angular scales less than 10′′ that non-uniformities in the CBR are most likely to occur. There is great

potential for gravitational lenses to probe for anisotropies in the CBR at very small angular scales.

With the advent of submillimetre imaging devices, such as the Submillimetre Common User Bolome-

ter Array (SCUBA), the time is ripe for microwave searches for background anisotropy, using the enhanc-

ing capabilities of a huge gravitational lens. The background sources are e�ectively spread out by the

gravitational lens since photons which would otherwise go elsewhere are re-directed towards the observer.

Consequently, anisotropies in the cosmic background are lensed-up to appear at larger angular scales.

Gravitational lensing by clusters can be used in this way to probe the small scale angular anisotropy

which would otherwise be beyond the capability of telescope beams.

2.1 Dusty Primeval Galaxies

Galaxy formation models must accurately describe the nature of a microwave background, and this has

proven a di�cult task, but one theory which has been particularly successful to date, and so acquired the

monicker �standard�, is the standard Cold Dark Matter (CDM) model of cosmology [see e.g.Blumenthal

et al. 1984]. The universe undergoes an initial in�ationary period of exponential expansion and this

predicts a critical (Ω = 1) universe [Guth 1981]. After a radiation dominated phase, recombination

occurs and the thermal radiation from this �surface of last scattering� reaches us as the well known CBR.

Galaxy formation in the standard model is described as hierarchical, in which small structures form �rst

and these eventually amalgamate into larger structures forming the galaxies, clusters of galaxies, and

clusters of clusters.

The smoothness of the CBR, both spectrally, and spatially, impose very rigid constraints on the

hierarchical theories of galaxy formation. The CBR is known to be highly thermalized [Mather et al.

1990] and spatially very smooth [see Kolb & Turner 1990] except for a well measured dipole which is

interpreted as arising from our peculiar velocity with respect to the CBR. The CBR reaches us basically

unhindered right from the surface of last scattering, and is therefore a direct indication of the smoothness

of the universe at that early time. However, in order for hierarchical galaxy formation to occur, there must

have been perturbations in the original mass distribution. These bumps would act as the gravitational

wells towards which particles stream, and in this way structure is built up as blobs coalesce and eventually

form stars, galaxies and clusters. The bumps in this initial mass spectrum would necessarily be evident

in the CBR, however observations show severe lower limits on angular anisotropy and this in turn limits

the amount of structure that can form within the standard CDM model, yet large scale structure must
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still be explained [Maddox et al. 1990, Collins et al. 1991]. The standard model, although successful in

many respects, must still reconcile the apparent paradox of CBR smoothness and the large scale structure

observed in the later universe, but re�nements to the theory may prove successful [see e.g.Peacock 1991].

Early galaxies, or proto-galaxies, are thought to form their initial population of stars rapidly, in

a burst. Local observations support this assumption in that Milky Way halo stars with large orbital

eccentricities (and which are therefore very old) are also comprised partly of metals, so there must have

been a generation of stars before them [Partridge 1974]. The existence of highly luminous, star bursting

galaxies, such as Arp 220, also lend credence to the hypothesis that �rst galaxies formed stars in brief

burst.

Mostly, the �rst galaxies would all have formed within a relatively short time span when the universe

was ∼10% of its present age (at redshift, z ' 10). Extragalactic observations help de�ne the epoch of

galaxy formation. Quasars as far away as z = 4.7 have been detected and their redshifts measured by

emission features of metals. It must be deduced that star formation has occured previous to that time.

Searches for primeval galaxies have polarized into two camps: dust vs. no dust. In the �rst case,

the idea is that a brief but furious burst of star formation, and the subsequent violent death of short

lived, massive stars gives rise to large amounts of dust enveloping the next generation of stars. Such

a dusty shroud will reprocess most of the light, and the re-radiation will be in the far infrared, and

the submillimetre wavebands. On the other hand, if the primeval galaxies do not form stars in a very

short lived dust producing phase, then the ultra luminous primeval galaxies at large redshifts will be

near-infrared sources. The present thesis is concerned with submillimetre continuum detectors, so that

the dusty primeval galaxy scenario is chosen here, and in particular, the possibility of using gravitational

lensing to help the search for primeval galaxies is investigated.

Bond, Carr & Hogan [1986,1990] have done extensive calculations incorporating dust grain shapes,

emissivity and distribution, as well as epoch of galaxy formation (10 & z & 2) and predict departure from a

perfect blackbody of magnitudes up to ∆T/T ' 10−3 at angular scales of the order of 10′′. They provided

predictions for future experiments with various instruments including the Submillimetre Common User

Bolometer Array (SCUBA, see Part II) and the already highly successful Cosmic Background Explorer

(COBE) [Mather 1982, Gulkis et al. 1990, Mather et al. 1990]. COBE measured the CBR with a 7◦

beam and found the submillimetre background to be a Planck function to within 1% peak �ux in the

range 10 mm < λ < 0.5 mm. Despite COBE, there is still room for signi�cant anisotropy and dust excess

levels, especially at the shorter wavelengths (λ < 500 µm), and the 14 models in Bond et al. are designed

to survive the COBE result.
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2.2 The Sunyaev - Zel'dovich E�ect

Photons from the CBR passing through the hot gas of a galaxy cluster are Compton scattered with the

less energetic ones (Rayleigh-Jeans) mostly taking energy from the hot electrons. All the photons pass

through the hot gas and when an observer sees them, there are fewer Rayleigh-Jeans photons, and more

Wien photons. This is the Sunyaev-Zel'dovich (S-Z) e�ect.

First proposed in 1969 [Zel'dovich & Sunyaev] and later applied to observations of galaxy clusters

[Sunyaev & Zel'dovich 1972], the exciting potential of the Sunyaev - Zel'dovich e�ect as a probe of the

early universe was soon appreciated. Originally, Sunyaev and Zel'dovich intended the e�ect as a method

of determining the characteristics of the hot gas in clusters (electron temperature, and mass), however,

combined with X-ray observations, detection of the Sunyaev - Zel'dovich e�ect can in principle lead

to a calculation of the cluster's angular diameter distance, independent of the distance ladder based

on standard candles, and more importantly independent of cosmological assumptions (Ω0,H0). The

Sunyaev - Zel'dovich e�ect could then provide a measurement of H0 [Silk & White 1978].

Furthermore, since the e�ect has a speci�c wavelength dependency, a shifted Sunyaev - Zel'dovich

spectrum is a direct measurement of the cluster's velocity relative to the CBR [Sunyaev & Zel'dovich

1980a,b]. Knowledge of peculiar velocities would greatly constrain galaxy formation models by allowing a

distinction between cosmological and Doppler redshift. In this way, the gravitational interaction between

clusters of galaxies could be separated from the e�ect of the expansion of the universe.

With such fruits to bear, the Sunyaev - Zel'dovich e�ect has naturally incurred the interest of a

number of ambitious observers [Birkinshaw et al. 1978, Birkinshaw 1979, Birkinshaw et al. 1981a,b; White

& Silk 1981; Andernach et al. 1983; Birkinshaw & Gull 1984; Birkinshaw et al. 1984; Chase 1985 and

references therein]. A tentative measurement of the e�ect in the cluster 0016+16 of ∆T/T = −1.38 mK at

10.7 GHz has been reported, but to date no measurement of the corresponding submillimetre increment

has been made. There is no general agreement that a detection of the S-Z e�ect has occurred, and this is

due mostly to the very great di�culty imposed by an experiment in which the desired signal is expected

to be �ve orders of magnitude less than the CBR itself.

The S-Z e�ect can be derived from the Kompaneets equation [1956] which is the general kinetic

equation for plasmas:
∂N

∂t
=
σTneh

mec
ν−2 ∂

∂ν
ν4

(
N2 +N +

kTe

h

∂N

∂ν

)
, (2.1)

where N = (c2/2h)ν−3Fν is the occupation number of photons. When the background spectrum is much

smaller than the electron brightness temperature, TB � Te the �nal term on the right hand side of Eq. 2.1
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dominates the process and the following is derived:

∂N

∂t
' σTne

mec
kTe

(
4ν
∂N

∂ν
+ ν2 ∂2

∂N2
ν

)
, (2.2)

which is the �rst order Fokker-Planck expansion of Compton scattering. The �rst term can be considered

as the contribution by `convection': In this case, the net energy gain from Compton scattering (or

`mixing'). The second is a `di�usion' term which describes how the background energy is spread out

across the spectrum. Both these terms are essential to give a proper estimate of the e�ect. When

the illuminating background blackbody is inserted in Eq. 2.2 a correction to the observed spectrum is

deduced:

∆FSZ = yFB

[
x

(
ex + 1
ex − 1

)
− 4
](

xex

ex − 1

)
+ O

(
τ2
T

)
. x =

hν

kTB
. (2.3)

Eq. 2.3 is correct to �rst order in the optical depth τT. The Comptonization parameter y is

y =
kTe

mec2
τT, τT =

∫
σTnedl. (2.4)

In the limits of small x (Rayleigh-Jeans) and large x (Wien) one can see the qualitative e�ect is that

of creating a decrement at the longer wavelengths

∆Fν ' −2yFν

and an increment in the background spectrum at the shorter wavelengths

∆Fν ' yFν(x− 4)x.

The S-Z e�ect is a shift of the blackbody spectrum towards the higher frequencies. The magnitude of

the decrement/increment is shown in Fig. 2.1.

2.2.1 Determination of H0 with the S-Z E�ect

The method of using a measurement of the S-Z e�ect along with X-ray observations to determine the

deceleration parameter q0 was �rst outlined by Silk & White [1978]. This is equivalent to �nding the

density parameter Ω0 in a universe with no cosmological constant. It is also possible to use this experiment

to �nd the present Hubble parameter H0. The �rst step towards H0 begins with X-ray observations of the
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Figure 2.1: The S-Z e�ect modi�es the blackbody spectrum by a decrement at wavelengths shortward of
the peak, and an increment at wavelengths longward of the peak.

candidate cluster in order to determine the electron temperature Te. Assuming an isothermal, uniform

gas cloud in a spherically symmetric galaxy cluster, the surface brightness of the X-ray bremsstrahlung

in the direction to the centre of the cloud is

IX = 2ArcneT
− 1

2
e exeg (2.5)

where A is a constant, r is the radius of the cloud, ne is the electron number density, and g is the Gaunt

factor. Observations on either side of xe = 1 (ie. hν < kTe and hν > kTe) allow the determination of the

electron brightness temperature. Knowing the shape of the X-ray surface brightness spectrum su�ces to

achieve this. A measurement of the Sunyaev - Zel'dovich e�ect (Eq. 2.3) then gives the electron number

density ne once the electron temperature is known. Going back to the X-ray brightness (Eq. 2.5), the

angular diameter of the cloud is solveable. The absolute radius of the cloud, along with its angular extent
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simply lead to the angular diameter distance

Da =
rc
θ

=
2c

H0Ω2
0(1 + z)2

[
Ω0z + (Ω0 − 2)

(√
1 + Ω0z − 1

)]
(2.6)

=
cz

H0
for small z

Organization of Part I

Part I of this thesis is composed of the following two chapters in which �rst of all a model of galaxy clusters

as gravitational lenses is developed. It will be shown how this e�ect enhances anisotropy in a background

�eld from 5′′ scale up to 10′′ or 20′′. This is compared to the S-Z e�ect of various clusters. The last

chapter of this part presents the results of a submillimetre observation towards the cluster Cl 2244− 02.

This was a single pixel experiment which measured an upper limit on anisotropy towards Cl 2244− 02 of

∆T/T < 4.6× 10−3 (95% con�dence) on an angular scale of of ∼5′′. The small angular scale is achieved

through the gravitational lens e�ect.



16 S.A. Torchinsky, PhD., University of Edinburgh 1991



Chapter 3

The Microwave Background through

Clusters

The bending of light by the force of gravity has been a well understood phenomenon since 1919 when

Einstein's theory of General Relativity established its validity during the total eclipse of that year. Align-

ment of a source and lens (some massive object) with the observer could result in light from the source

reaching the observer from several paths forming an �Einstein Ring� [Einstein 1936]. In circumstances

when the source is slightly o� line, partial rings, or arcs are formed. This is the case in the recent

discovery by Soucail et al. [1987a,b, 1989; Fort et al. 1988] of �Luminous Arcs� found in the clusters

Abell 370, Cl 2244−02 [Lynds & Petrosian 1986, 1988; Petrosian 1989], and eight other clusters [Fort

1990] which are the �rst observed incidents of gravitational lensing where the lens is a cluster of galaxies.

The importance of this discovery is immense: understanding the morphological distortion by lensing of

an extended background source is a direct probe of the matter distribution in the lensing object, which

turns out to be mostly the dark inter-galactic matter. Furthermore, the cluster itself can be used as as a

giant telescope with which to probe the population of high redshift normal galaxies [Tyson 1990].

The modelling presented in this chapter is mainly motivated by the possibility of searching for CBR

anisotropy using gravitational lensing, but the relevence in the context of the S-Z e�ect is also important.

Gravitational lensing of a bumpy submillimetre background will interfere with the S-Z e�ect. The action

of the cluster as a gravitational lens would yield a measurement of CBR anisotropy di�erent from that

of a normal anisotropy experiment, and this could naively be attributed to the S-Z e�ect.

17
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Chapter Organization

Section 3.1 reviews the basic theory of gravitational lenses, in particular setting up the scheme for

simulating the e�ect of general mass distributions. This is followed in Section 3.2 with models for the

mass distributions in clusters of galaxies, and then Section 3.3 with models of the gas distribution in

clusters which is used to compute the S-Z e�ect. In Section 3.4 a model is developed which mimics the

expected emission from a population of dusty primeval galaxies, and the morphology of this population is

simulated by the random Gaussian �elds generated in Section 3.5. Finally the simulations of observations

through three speci�c clusters is presented in Section 3.6. An important conclusion is that gravitational

lensing of background submillimetre sources, and the S-Z e�ect are competing or complementary e�ects

of the same order of magnitude. The Chapter also shows that gravitational lensing by clusters of galaxies

is a useful tool for probing background anisotropy. This is discussed in Section 3.7.

3.1 Gravitational Lensing by Clusters

The schematic of a simple gravitational lens system in Figure 3.1 shows a spherically symmetric mass

distribution L in�icting a gravitational acceleration radially inwards on the light ray originating from

the source S. The analysis which follows is well understood, and a review of the basic theory can be

found in Blandford & Kochanek [1987a]. The transverse impulse imparted on a passing photon is given

by General Relativity as twice that expected by a Newtonian argument:

ṗ⊥ = 2ap0/c (3.1)

where a is the acceleration due to gravity, and p0 is the photon momentum.

The angular change of direction of the light ray in a time dt (i.e.along the light path d`) is then

dα0 = (dp/p0) and so the total de�ection α0 is the integrated de�ections su�ered by the photon along

the light path `:

α0 =
∫ t2

t1

1
c

ṗ

p0
cdt =

2
c2

∫ ∞

−∞
ad` (3.2)

From Figure 3.1, geometric argument easily shows the relationship between the observer-source angle ϕ,
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Figure 3.1: The gravitational lens system. A mass distribution L is responsible for the gravitational
de�ection for light from the source S to the observer O. The angles α0, ϕ, and θ are here exaggerated
for clarity. All distances are angular diameter distances.

the observer-image angle θ, and the de�ection angle α0. This is the so called �lensing equation�:

DOS(θ − ϕ) = DLSα0,

which can be easily generalized to include the plane orthogonal to the one shown in Fig. 3.1

DOS(~θ − ~ϕ) = DLS~α0, (3.3)

where ~θ, ~ϕ and ~α0 are now 2D vectors on the sky. The distances from the observer to the lens, to

the source, and from the lens to the source (DOL, DOS and DLS in Fig. 3.1) are the angular diameter

distances in a given cosmology and are derived from Weinberg [1972 Eq. 15.3.23]:

DAB =
2c

H0Ω2
0(1 + zB)

[
2
(

Ω0 − 1
1 + zB

− Ω0 − 1
1 + zA

)
+
√

1 + Ω0zA
1 + zA

−
√

1 + Ω0zB
1 + zB

]
. (3.4)

The de�ection angle α0 is a function of the �impact length� b = DOLθ.

The acceleration of a beam of radius θ (within the impact radius b) relative to itself is a = 4πGρb
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from which the gravitational de�ection angle can be derived in terms of the mass within the beam M(b)

α0 =
4G
c2

M(b)
b

. (3.5)

Two extreme examples as an illustration are the point mass lens, and the isothermal singular spherical

mass distribution. The de�ection angle in the case of the former is given directly by Eq. 3.5. The singular

isothermal mass distribution, which has an inverse square dependence on distance,

ρ = σ2
V/2πGr

2 (3.6)

generates a constant angle of de�ection, independent of the impact parameter;

α0 = const = 4πσ2
V/c

2, (3.7)

where σV is a characteristic velocity dispersion of the mass distribution (the one measured at large

distance from the centre).

Instead of the mass density ρ, a useful tool is the mass potential Ψ, de�ned by Poisson's equation,

∇2
3DΨ = 4πGρ (~r) , (3.8)

or this can be projected onto the plane of the sky and the two-dimensional mass distribution potential is

derived:

∇2
2DΨ = 4πGΣ (~r) , (3.9)

where derivatives are taken with respect to the space coordinates at the plane of the lens. The de�ection

angle is then simply α0 = ∇Φ with

Φ =
2
c2
DOLDLS

DOS
Ψ.

The lensing equation (Eq. 3.3) is re-organized to create the deprojection equation

~rS = ~rI − ~∇Φ. (3.10)

In this way, a given point on the image plane can be mapped (deprojected) to its position on the source

plane. Note that the image to source mapping is many to one, and it is therefore easier to begin on the
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image plane.

Figure 3.2: The de�ection angle for the mass distribution approximating Abell 370 is plotted against
image position angle θ; all angles are measured in arcseconds. The straight line corresponds to the left
hand side of the lensing equation (Eq. 3.3) with the source position angle ϕ = 10′′. Intersection of the
straight line with the α0(θ) line indicates the image locations (denoted by stars). There are three images,
but for source positions greater than ∼15′′ there is only one image. The dash-dot line corresponds to the
constant de�ection angle of a singular isothermal mass distribution with the same velocity dispersion as
A370, and the dashed line is for the point mass lens.

3.2 Cluster Mass Models

The �best model� of Grossman & Narayan [1989, hereafter GN] quite successfully reproduces the position

and morphology of the main arcs seen in A370. The elliptical generalization of a two dimensional,

isothermal, non-singular mass distribution (Eq. 3.11) simulates the intra-cluster dark matter between the

galaxies which turns out to be the dominant factor in the lensing e�ect.

Σ(~r) =
σ2

V

2Grc

[
1 + (1− ε)

x2

r2c
+ (1 + ε)

y2

r2c

]− 1
2

. (3.11)

The galaxy cluster is thus characterized by the asymptotic velocity dispersion σV, the core radius rc, and

the ellipticity ε.
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GN start with the mass distribution and integrate to get the deprojection (Eq. 3.10). The present

analysis follows that of Kochanek & Blandford [1987, hereafter KB] who start with the mass potential

and di�erentiate to get the deprojection (Eq. 3.10) � a numerically easier task. The potential used is

non-singular, ellipsoidal, and, with an appropriate choice of α, it behaves as an isothermal distribution

at large distance from the centre.

Ψ =
2πrcσ2

V

3α

([
1 + (1− ε)

x2

r2c
+ (1 + ε)

y2

r2c

]α

− 1
)
, (3.12)

where α is the called the softness (not to be confused with the de�ection angle α0). The mass distribution

is easily found from the potential using Poisson's equation,

Σ(~r) =
2σ2

V

3Grc

[
1 + (1− ε)

x2

r2c
+ (1 + ε)

y2

r2c

]α−2 [
1 + α(1− ε)

x2

r2c
+ α(1 + ε)

y2

r2c

]
, (3.13)

and the mass distribution of KB is then similar to GN when the softness α ' 0.6 (see Fig. 3.3).

Figure 3.3: The two dimensional mass distributions described in the main text are plotted here along with
the theoretically ideal case of the spherically symmetric, isothermal mass distribution. The distribution
of KB is similar to that of GN for α = 0.6. The distribution of GN is a slightly better approximation to
the isothermal distribution.
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Although in the thin lens analysis above, the two dimensional mass distribution is all that is needed,

for the calculation of the Sunyaev�Zel'dovich e�ect discussed later (Section 2.2) the full three dimen-

sional mass distribution is required. The two dimensional distribution is easily derived from the three

dimensional distribution by a projection along the line of sight,

Σ (~r ) =
∫ +∞

−∞
dz ρ

(
~R
)
. (3.14a)

For rigour, ~r is the angular position vector on the sky, but for the cluster radii of interest, these are

small enough to be directly related to the physical radius. The spherical radius ~R is related to the

cylindrical radius in the usual way (R2 = r2 + z2). One can recover the three dimensional distribution

from the two dimensional distribution after some assumptions are made. For example, if an observed

circular distribution arises from a spherically symmetric three dimensional mass distribution, then the

deprojection can be derived as in KB:

ρ (χ) =
1
πrc

∫ χ

∞

dΣ(χ′)
dχ′

dχ′√
χ′ − χ

[Eq'n A3 of KB] (3.14b)

where χ = r2/r2c . Hence for circular models, the three dimensional mass distribution of KB derived from

Eq. 3.13 is the following:

ρ

ρ0
=
(

1 +
R2

r2c

)α−5/2 (
1 +

2α
3
R2

r2c

)
(3.15a)

For GN it is
ρ

ρ0
=
(

1 +
R2

r2c

)−1

. (3.15b)

These are plotted in Fig. 3.4.

The two dimensional elliptical mass distribution of Eq. 3.13 can arise from a variety of three dimen-

sional con�gurations which can be described as a disk or rugby ball at various inclinations to the line

of sight. In order to generalize the cluster model to non-spherical distributions, one can replace R2 in

Eqs. 3.15a by R2
ε = εxx

2 + εyy
2 + εzz

2, with εx + εy + εz = 1. The ellipticity in the plane of the line of

sight εz does not a�ect the gravitational lensing calculations because of the thin lens approach, and it

will be shown in Section 2.2.1 that it can also be neglected for calculations of the S-Z e�ect.
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Figure 3.4: The three dimensional mass distributions described in the main text are plotted here along
with the theoretically ideal case of the spherically symmetric, isothermal mass distribution. The 3d
distribution of KB is similar to that of GN for α = 0.75, which is somewhat di�erent than their 2d
counterparts. All of the models are fairly good approximations to the isothermal distribution at large
distances.

3.3 Gas in Clusters

X-ray observations of clusters have been used to trace the gas distribution, and through some assumptions

this leads to the mass distribution in the cluster. Here, however, the gravitational lensing of the cluster

traces its mass much more intimately, as shown by GN who reproduced the optical luminous arcs in A370.

In order to compare the gravitational lensing of submillimetre background sources, to the S-Z e�ect, the

same recipe for mass�gas relationship is followed, but with the goal of deriving the gas distribution from

the mass distribution.

The usual assumption has the gas (or electron number density ne) tracing the total mass distribution

ρ according to a simple power law [Lea 1975, Gull & Northover 1975, Cavaliere & Fusco-Femiano 1976,
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Sarazin & Bahcall 1977, for a review see Sarazin 1988],

ne/n0 = (ρ/ρ0)β . (3.16)

For the case of an isothermal gas cloud in hydrostatic equilibrium, the index β is well de�ned as

β ≡ µMHσ
2
V/kTe (3.17)

where µ is the mean atomic mass, MH is the proton mass, σV is the line of sight velocity dispersion of

the galaxies in the cluster, and Te is the electron brightness temperature. X-ray brightness morphology

of clusters is well �tted by a spherical gas distribution similar to the mass distribution used by GN

(Eq. 3.15ab),

ne

n0
=
(

1 +
r2

r2c

)−3βJF+1/2

[Jones & Forman 1984], (3.18)

and the best values for βJF based on a large number of clusters was in the range 0.5 < βJF < 0.8. An

experiment based on Eq. 3.17 has been performed by Mushotzky [1984] and data amassed from velocity

dispersions of clusters with well determined X-ray brightness, gives a range of 0.5 < βJF < 5.0, with the

average value of βJF = 1.2. The index of Jones & Forman can be translated to the notation used here

based on the model of GN: β = 3βJF − 0.5. Therefore the Jones & Forman data implies a range of β

from 1 to ∼2. The Mushotzky result is equivalent to β = 3.1. For the ellipsoidal generalization of the

spherical mass distribution given in Eq. 3.15aa, the Thomson optical depth can be calculated to be the

following:

τT = σTn0rc

[
1 +

2α
3
r2ε
r2c

]β [
1 +

r2ε
r2c

]β(α−5/2)+1/2

I(α, β, rε), (3.19a)

where

I(α, β, rε) =
∫ +∞

−∞
(1+bu2)β (1+u2)β(α−5/2) du, (3.19b)

with

r2ε =
εz(εxx2 + εyy

2)
(εxθ2x + εyθ2y + εz)

, (3.19c)

and

b =
2α
3

[
1 +

r2ε
r2c

] [
1 +

2α
3
r2ε
r2c

]−1

. (3.19d)

Ellipticity in the plane of the line of sight appears only in the expression for rε. However, unless the cluster
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is inordinately elongated along the line of sight, then terms of order θ2 can be neglected in comparison to

terms of order unity. Any dependence on εz then drops out, and, using the same eccentricity convention

as for the two dimensional mass distributions, Eq. 3.19c becomes r2ε = (1− ε)x2 + (1 + ε)y2.

At this point, it is useful to test the cluster mass model against an observational constraint. In par-

ticular, the claimed detection of the S-Z e�ect by Birkinshaw et al. [1981] will be used as the comparison.

In that work, the microwave dimunition was looked for towards the cluster 0016+16 and the result at

10.7 GHz in a 3.′3 beam was −1.36 mK ± 0.28 mK. This implies a ∆F/F at 10.7 GHz of −4.5× 10−4,

and the Comptonization parameter is therefore y = 2.1× 10−4. Figure 3.5 shows the dependence of the

Comptonization parameter y on the gas distribution index β. The parameters used to simulate the cluster

0016+16 are primarily based on available observational data so that β becomes the only free parameter

to make the model consistent with the Birkinshaw et al. result. The cluster is considered to be isothermal

with electron brightness temperature Te = 108 K being consistent with the lower limit obtained by White

et al. [1981] of Te > 7.0× 107. The redshift and optical core radius are taken from Koo [1981]: z = 0.541

and rc = 45′′. The central electron density is assumed to be n0 = 1.0× 10−3 cm−3 (see also Section 3.6.3).

The measurement by Birkinshaw et al. is consistent with a gas index of β = 1.2. Note that for β & 1.5

the change in the Comptonization parameter is no longer signi�cant.

Figure 3.5: The Comptonization parameter as it would be measured by a 3.′3 beam when looking towards
the cluster 0016+16 is plotted against the gas index β. The measurement of Birkinshaw et al. is consistent
with β = 1.2 in the model used here.
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3.4 The Submillimetre Background

The basic argument of dusty primeval galaxies presented in the introduction to this Part motivates the

development of a simple toy model in which foreground submillimetre radiation is added to the CBR

in the form of a grey body where the discrete components of the primordial dust emission are more

or less homogeneously distributed, and comprise a fraction ξ of the entire sky. The broad spectrum of

a blackbody allows a single temperature to be used for modelling the spectral shape of the primordial

dust. All the primeval galaxies are expected to emit at temperatures of the order of 50 K, and since the

population would be constrained to an epoch from redshifts of 2 to 10 or so, there would not be a very

heterogenous spectral shape resulting. The following greybody model is su�cient.

F = FB + ξFd, (3.20)

where Fd is a Planck function at temperature Td, and FB is the CBR at temperature TB = 2.735 K. viz.

Fd,B =
2hν3

c2
(exd,B − 1)−1 with xd,B = hν/kTd,B. (3.21)

This can be raised to a DC level so that anisotropy due to dust is measured relative to the CBR:

∆F = ξ (1 + δr)Fd (3.22)

where δr is a normalized anisotropy in the range δr ≥ −1 with 〈δr〉 = 0. The anisotropy on various angular

scales described by Bond et al. is seen as the �hot spots� which are formed by lines of sight intersecting

the primeval galaxies (δr > −1), and the �cold spots� which see right through to the CBR (δr = −1).

Figure 3.6 shows the allowable values for the grey body fraction ξ, and the redshifted temperature Td

given the constraints set by COBE early last year. Figure 3.7 shows the CBR added to the dust component

with ξ = 0.001 and Td=5 K.
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Figure 3.6: COBE's sensitive measurement of the CBR places fairly rigid constraints on the allowable
redshifted dust temperature Td and the sky �lling factor ξ in the grey body approximation of the primeval
dust contribution (Eq. 3.22). All values to the left of the curve are permitted.
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Figure 3.7: The 2.735 K cosmic blackbody which peaks at λ = 1.865 mm as measured by COBE is
plotted along with a grey body of 5 K with a �lling factor of 0.001 (dotted line). When the two are added
together, the resulting `excess' is well within the 1% peak �ux limitation on the blackbody which is the
COBE constraint to date. COBE measured the CBR in the range 10 mm > λ > 0.5 mm.
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Figure 3.8: a) The distinctive spectrum of the Sunyaev-Zel'dovich e�ect is plotted here along with the
CBR (dashed line, right-hand scale). It has a maximum distortion to the CBR at a wavelength of 800 µm.
For A370, y ' 10−2 through the centre of the cluster, so the percent �ux distortion ∆Fν/Fν ' 0.8% is
less than the postulated primordial dust excesss ∆Fν/Fν ' 2%. b) The magnitude of the Sunyaev -
Zel'dovich e�ect is plotted on a log scale to show in c) the e�ect of the primordial dust background on
the Sunyaev - Zel'dovich spectrum at short wavelengths.
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3.5 Gaussian Models for Background Fluctuations

The next necessary step in these simulations is to produce a map of the submillimetre sky, given that the

maximum amplitude of �uctuations is known. This can be done meticulously by considering the many

aspects of a cosmological model, such as the Einstein �eld equations for the various particles before and

after recombination, and choosing a candidate for the cold dark matter particle, if any [see e.g.Bond 1988].

Additionally, there are parameters including the bias in galaxy formation, and the density parameter Ω

(i.e.whether it is an open, �at, or critical universe), as well as the Hubble time H−1
0 . However, without

delving too deeply into these things, it is still possible to obtain a reasonable realization of angular

anisotropies in the submillimetre sky.

The goal here is to produce simply a �eld of random �uctuations. Principally, the desired aspects of

the �eld are the predominant length scale of the �uctuations, and its peakiness. Since little is known about

the distribution of the dusty primeval galaxies, the use of a Gaussian power spectrum is as justi�able

as any means which has the required parameters. The starting point is then a random phase, Gaussian

power spectrum in k−space (the frequency of the �uctuations),

|δk|2 = k−γ exp(−k2/k2
0). (3.23)

The peakiness of the �eld is controlled by γ, and the length scale is controlled by k0. The range of these

parameters will produce �elds that can be compared to more elaborate theories such as Bond et al. [1986,

1990]. The above frequency space spectrum (Eq. 3.23) is fourier transformed to get the r−space pro�le

(the angular scale):

δr =
(
L

2π

)2 ∫ ∫
d2k δk e

−i~k·~r, (3.24a)

δk =
1
L2

∫ ∫
d2r δr e

i~k·~r. (3.24b)

The k0 is related to the spatial scale of the �uctuations by k0 = 2π/r0, where r0 is the length scale

(e.g.10′′, see Fig. 3.11), and L is the side of the `box'. In the simulations of Figs. 3.11 and 3.14 a square

�eld of L = 120′′ on a side was produced by �lling a 256× 256 element array with magnitudes given

by Eq. 3.23, and random phases to create the complex power spectrum in the frequency space. The

array is then operated on by a Fast Fourier Transform, and this begets a mishmash of blobs of uncertain

morphology as in Figs. 3.11 and 3.14. The random numbers are generated using the NAG Fortran routine

G05CAF, and the FFT is performed by C06FUF.
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For a given incarnation of the sky, as described above, the mean amplitude of �uctuations on various

angular scales can be found by convolving the spectrum with the desired beam size. The spatial spectrum

δr/q is the smeared out version of the original sky δr which is achieved through the Fourier transform,

δr/q = F
{
δke

−k2q2/2
}
. (3.25)

The variance ∆2 is a measure of the mean amplitude of �uctuations at a given smearing angle q. This is

calculated simply by taking the power in the k�space spectrum and then the Fourier transform for the

mean space amplitude,

∆2 =
(
L

2π

)2 ∫ ∞

0

2πk dk |δk|2 e−k2q2
,

= ∆2
0

(
1 + k2

0q
2
)(γ−2)/2

, (3.26)

∆0 is a normalizing constant equal to the rms of the spectrum (Eq. 3.23). Figure 3.9 plots the variance

over a range of smearing angles, for four di�erent power spectrum indices and with length scale r0 = 10′′.

Setting the power index γ = 1.2 and the length scale r0 = 10′′ compares well to the rigorous calculations

of Bond [1988, Fig. 7.2].

The examples of sky �elds with �uctuations predominantly on the scale of 10′′ in Fig. 3.10 show

the insensitivity of this method to the power spectrum index. The sky �elds were each generated using

the same random phases in the k − space grid, but with di�erent power spectrum indices. The resulting

random �elds shown in Fig. 3.10 are essentially the same. Power spectrum indices greater than 2 are

not considered since this would imply a greater average anisotropy amplitude for larger beam sizes (see

Fig. 3.9, and Eq. 3.26). This would contradict a realistic physical picture. The �eld with r0 = 10′′

and γ = 1.2 will be used as the source plane for the simulations of gravitational lensing discussed in

Section 3.6. (Fig. 3.11 shows this �eld in a larger format for clarity).

The above work is repeated for the length scale r0 = 5′′.



The Microwave Background through Clusters 33

Figure 3.9: For a length scale r0 = 10′′ a random phase Gaussian power spectrum, with power indexes
γ = 0, 0.6, 1.2, & 1.8 (dash-dot line, dashed line, solid line, and dotted line), the variance ∆2 (Eq. 3.26)
is plotted against a beam smearing width of q. With the parameters γ = 1.2 and r0 = 10′′, there is good
comparison to the rigorous calculations of Bond [1988, Fig. 7.2].
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Figure 3.10: Simulated �uctuations which are predominantly on the scale of 10′′ are generated by a
Gaussian power spectrum. These are four examples of sky �elds that can be created with various power
spectral indices. Clockwise from the top left they are: γ = 0.0, 0.6, 1.2 & 1.8. The bottom �gure shows
a cross section through the centre of the grid, parallel to the x-axis. From γ = 0.0 to 1.8 as above, the
cross sections are the dash-dot line, the dashed line, the solid line, and the dotted line. A �decrement� of
δr = −1 corresponds to the pure CBR.
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Figure 3.11: This sky �eld with γ = 1.2 and r0 = 10′′ will be used as the source plane for the simulations
in Section 3.6.
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Figure 3.12: For a length scale r0 = 5′′ a random phase Gaussian power spectrum, with power indexes
γ = 0, 0.6, 1.2, & 1.8 (dash-dot line, dashed line, solid line, and dotted line), the variance ∆2 (Eq. 3.26)
is plotted against a beam smearing width of q.
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Figure 3.13: Simulated �uctuations which are predominantly on the scale of 5′′ are generated by a
Gaussian power spectrum. These are four examples of sky �elds that can be created with various power
spectral indices. Clockwise from the top left they are: γ = 0.0, 0.6, 1.2 & 1.8. The bottom �gure shows
a cross section through the centre of the grid, parallel to the x-axis. From γ = 0.0 to 1.8 as above, the
cross sections are the dash-dot line, the dashed line, the solid line, and the dotted line. A �decrement� of
δr = −1 corresponds to the pure CBR.
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Figure 3.14: This sky �eld with γ = 1.2 and r0 = 5′′ will be used as the source plane for the simulations
in Section 3.6.
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3.6 Simulations of Observations through Clusters

The calculations for the following simulations are all done within the framework of a critical (Ω = 1)

universe. A speci�c universe is chosen for the sake of presentation, however the results do not change

qualitatively for various values of Ω. Finally, the population of dusty primeval galaxies are placed at a

redshift of z = 10.

3.6.1 Case Study: Abell 370

Figure 3.15 is a picture of the observed submillimetre sky (Fig. 3.11) when viewed through the cluster

Abell 370 and Fig. 3.16 is that of the sky in Fig. 3.14 with �uctuations primarily at the 5′′ scale. This

cluster was chosen to have an ellipsoidal mass distribution ε = −0.6 which is based on GN's best model,

and the line of sight velocity dispersion is σ0 = 1367 km s−1 [Henry & Lavery 1987]. This is a soft model

with α = 0.6 and the core radius of 10′′ is also that used by GN.

For calculations of the S-Z e�ect, the electron brightness and number density are required. These

are taken to be Te = 108 K and n0 = 1.0× 10−3 cm−3.

The lensing contributions from individual galaxies in A370 have been ignored for the present so

Fig. 3.15 shows the global lensing e�ect. Galaxies in the cluster will add or subtract curvature from

the image only when the source�galaxy impact parameter is fairly small, i.e.within a small radius of

the cluster galaxy. The lensing by individual cluster members as well as by the cluster as a whole are

essential ingredients for a reproduction of the morphology of the observed luminous arcs. However, for

experiments with telescope beams of 10′′, lensing by galaxies will not be resolved in A370.

The image in Fig. 3.15 has not been convolved with a telescope beam.

There are features which appear in these simulations regardless of the given source plane. Where hot

or cold spots lie near a caustic on the source plane, a highly elongated arc appears in the image plane.

Caustics are points on the source plane for which the Jacobian of the mapping is nil. This is Eq. 3.10,

the deprojection equation. Critical lines indicate the corresponding points on the image plane [Grossman

& Narayan 1988]. A point source on a caustic will map onto in�nitely many points in the image plane

forming an elongated arc or ring on or across a critical line. In particular, a source directly behind a

circularly symmetric lens will appear as an Einstein ring. Figure 3.17 shows the caustic and critical lines

for A370.

In repeated simulations, an extreme feature in the source plane (either a hot or a cold spot) is

always close enough to a caustic to generate an image of which Figs. 3.15 and 3.16 are typical. Near the
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critical line, a long arc is produced. Usually apparent within the critical lines is an extended blob with

a characteristic size about twice that of the original source. This is how a 10′′ beam telescope can probe

5′′ scale �uctuations. It is in this region that a 10′′ beam experiment would have the most dramatic

results. Figures 3.18 and 3.19 are plots of the integrated �ux in the �best� 17.7′′ FWHM beam, and in

the central 60′′. The CBR �ux has been subtracted to give a zero dc-level from which the S-Z e�ect and

the dusty PG e�ect are compared. As can be seen in these examples, the two e�ects are of the same

order of magnitude, although the S-Z generally dominates in a wide beam experiment such as shown in

Figs. 3.18b and 3.19b.

The �uxes calculated up to this point have been for the particular cases associated with the sky

�elds of Figs. 3.11 and 3.14, but these do not properly indicate the expected �uxes from the gravitational

lens experiment. It is possible for sources to position themselves favourably such that the received �ux

after gravitational lensing is maximized. The existence of the optical luminous arcs is evidence that such

chance alignments occur. However, in order to quantify the likelihood of a signi�cant submillimetre �ux,

many simulations are carried out and the results are plotted in a histogram (Fig. 3.20a). The �ux in the

central 60′′ FWHM beam is chosen as the indicator. Since the sky �elds are generated with a Gaussian

power spectrum, the Gaussian histogram of Fig. 3.20a is expected. Using the rms (e−
1
2 ) point, one

concludes that in over 60% of these simulations, the gravitational lens e�ect interferes signi�cantly with

the S-Z e�ect, especially as they both peak at ∼850 µm; the natural wavelength at which to perform

either experiment.

The expected �ux ampli�cation by gravitational lensing can be quanti�ed in a similar way, using the

e−
1
2 �ux points of the image and source planes in a 60′′ FWHM beam. For the case of A370, the ratio

of expected �uxes with and without gravitational lensing is ∼2.5. Smaller beam experiments exploit the

cluster's lensing e�ect to a much greater extent. In the case presented here, the �ux in a 17.7′′ beam on

the position chosen for Fig. 3.18 is ten times greater with gravitational lensing, than without.
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Figure 3.15: a) Gravitational lensing by A370 of the background source plane of Fig. 3.11 shows some
typically distinct features. These include an extended vertical line at the centre of the �eld, and elongated
arcs within an elliptical annulus at ∼30′′ from the centre. b) The �gure below shows a cross-section
through the image plane at the centre and parallel to the x-axis. The dashed line is the spatial pro�le of
the S-Z e�ect scaled here to correspond to the e�ect at λ = 855 µm.
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Figure 3.16: a) Gravitational lensing by A370 of the background source plane of Fig. 3.14 and b) the
cross section as in Fig. 3.15.
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Figure 3.17: When a source plane is placed at a redshift z = 10, the caustic lines for the cluster Abell 370
are those shown in the left panel. The critical lines are shown in the right panel.



44 S.A. Torchinsky, PhD., University of Edinburgh 1991

Figure 3.18: a) The best �ux in a 17.7′′ FWHM beam in the �eld of Fig. 3.15 as a result of gravitational
lensing of the submillimetre background is compared to the S-Z e�ect in the same beam. b) The lower
panel shows the �uxes in the central 60′′ FWHM beam of the same �eld.
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Figure 3.19: As in Fig. 3.18, the �uxes are shown for the image of the 5′′ scale sky �uctuations.
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Figure 3.20: Over 500 sky �elds with γ = 1.2 and r0 = 10′′ were generated, and these were each used as
the source plane. After gravitational lensing by A370, the �ux in a beam of 60′′ FWHM centred on the
cluster was calculated. a) This is a histogram of the central �uxes from the repeated simulations. b)

The wavelength dependence of the e−
1
2 point of the above histogram.
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3.6.2 Case Study: Cl 2244�02

Another cluster with notoriety as a gravitational lens is Cl2244−02 (herefter Cl2244). The main luminous

arc found here is thought to be the image of a galaxy at redshift z = 2.238 [Soucail et al. 1989]. The

cluster's redshift is z = 0.328. Once again a soft model (α = 0.6) has been used, which indicates that

the cluster is approximately isothermal at large distances from the centre. For the line of sight velocity

dispersion, the value σ0 = 1000 km s−1 was used, and the cluster mass distribution is considered to be

circular which is consistent with the shape of the giant arc. The core radius is 10′′.

The electron brightness temperature and number density are taken to be Te = 108 K and

n0 = 1.0× 10−3 cm−3.

Figure 3.21 is a picture of the observed submillimetre sky of Fig. 3.11 when viewed through the

cluster Cl2244, and Fig. 3.22 is that of the sky in Fig. 3.14 with �uctuations predominantly at the 5′′

scale. The caustic and critical lines for this cluster are shown in Fig. 3.23. The comparison of S-Z and

lensing �uxes are displayed in Figs. 3.24 and 3.25. Figure 3.26 is the histogram of �uxes from repeated

simulations for sky �elds of r0 = 10′′. Cl2244 provides a ∼2× ampli�cation in the 60′′ beam experiment,

and in the simulation presented here, the best �ux in a 17.7′′ beam due to the submillimetre background

is ∼3× what it would be without gravitational lensing by Cl2244.

The simulations in this section can be used to support the analysis of the data presented in Chap-

ter 4. The submillimetre observation of Cl2244 was done with a beam of FWHM 17.7′′, and it was

pointed towards a position ∼11′′ from the clustre centre. In repeated simulations of the lensing ef-

fect on various background planes, the �ux at a position 11′′ from the centre of Cl2244 was calcu-

lated. The rms (or e−
1
2 point for a Gaussian distribution) gives the variance for this smoothing angle

(q = 7.5′′ for FWHM = 17.7′′):
∆2

∆2
0

= 0.8.

Comparing this to Fig. 3.9, the conclusion results that this is equivalent to probing the sky with a

beam of FWHM ' 3′′ (q ' 1.3′′). Alternatively, one can say that the �ux is ampli�ed by the amount

0.8/0.3 ' 2.5 times.



48 S.A. Torchinsky, PhD., University of Edinburgh 1991

Figure 3.21: a) Gravitational lensing by Cl2244 of the background source plane of Fig. 3.11 has a
somewhat less dramatic e�ect than that of A370. However, the smearing of the source into generally
larger structures is still evident. b) The �gure below shows a cross-section through the image plane at
the centre and parallel to the x-axis. The dashed line is the spatial pro�le of the S-Z e�ect scaled here to
correspond to the e�ect at λ = 855 µm
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Figure 3.22: a) Gravitational lensing by Cl2244 of the background source plane of Fig. 3.14 and b) the
cross section as in Fig. 3.21
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Figure 3.23: When a source plane is placed at a redshift z = 10, the caustic lines for the cluster Cl2244
are those shown in the left panel. The central point�caustic is mapped from the Einstein ring which is
the outer critical line shown in the right hand panel. The inner critical line in the right panel maps to
the circle�caustic in the left panel.
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Figure 3.24: a) The best �ux in a 17.7′′ FWHM beam in the �eld of Fig. 3.21 as a result of gravitational
lensing of the submillimetre background is compared to the S-Z e�ect in the same beam. b) The lower
panel shows the �uxes in the central 60′′ FWHM beam of the same �eld.
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Figure 3.25: As in Fig. 3.24, the �uxes are shown for the image of the 5′′ scale sky �uctuations.
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Figure 3.26: Over 500 sky �elds with γ = 1.2 and r0 = 10′′ were generated, and these were each used as
the source plane. After gravitational lensing by Cl2244, the �ux in a beam of 60′′ FWHM centred on the
cluster was calculated. a) This is a histogram of the central �uxes from the repeated simulations. b)

The wavelength dependence of the e−
1
2 point of the above histogram.
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3.6.3 Case Study: 0016+16

Up to now, the analysis has concentrated on clusters which are established gravitational lenses, while

underscoring the consequence of the gravitational lens e�ect with respect to the S-Z e�ect. In this

section, the cluster acting as the lens is based on 0016+16 through which the microwave decrement has

been tentatively measured [Birkinshaw et al. 1981, Andernach et al. 1983].

The cluster mass model is soft (α = 0.6) and circular. It is isothermal with the electron bright-

ness temperature Te = 108 K being consistent with the lower limit obtained by White et al. [1981] of

Te > 7.0× 107. The cluster redshift is z = 0.541 [Koo 1981]. The central electron density is assumed to

be n0 = 1.0× 10−3 cm−3. The lensing e�ect is most sensitive to the velocity dispersion (indicative of the

total mass of the lens), and the core radius. These were chosen to be σV = 1300 km s−1 which is similar

to that of A370, and rc = 45′′ as given by Koo [1981].

The possibility that the dark matter distribution does not follow the luminosity or velocity distri-

bution is particularly interesting for the case of 0016+16. Dark matter can be traced non-linearly by

the galaxy distribution, and this is still consistent with velocity dispersion data [Merritt 1987]. If, for

example, the dark matter is highly concentrated at the cluster centre, then gravitational lens e�ects can

come up to the same order of magnitude as the S-Z e�ect, even for a strong S-Z cluster such as 0016+16.

However, since no luminous arcs have as yet been observed in 0016+16, the dark matter core radius will

be taken as the optical one of 45′′.

Some authors present the possibility that the X-ray core radius is not equal to the optical core radius

[e.g.Mushotzky 1984]. In the model, this could be used to alter the relative importance of the gravitational

lens e�ect to the S-Z e�ect. However, a model with the X-ray core radius of 45′′ and the other parameters

as stipulated is consistent with the Birkinshaw et al. result for the microwave decrement.

0016+16 is not a good lensing cluster because of its spread out mass, as characterized by its large

core radius, and, in fact, there are no caustics for this cluster. There is still a lensing e�ect, however it is

impossible to form an Einstein ring, or extended arcs. The expected ampli�cation of the submillimetre

background due to lensing in the wide beam experiment is about two times. Figure 3.31 shows the e−
1
2 �ux

point after the more than 500 simulations in the 60′′ FWHM beam experiment. There is approximately

twice the corresponding �ux in the submillimetre sky without gravitational lensing by 0016+16. In the

�best� 17.7′′ FWHM beam, the ampli�cation can be more than �ve times, as in the simulation presented

here.

The main feature which makes 0016+16 a poor gravitational lens is the characteristic which makes it a
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good S-Z candidate: its large core radius. The result is that wide beam experiments are highly dominated

by the S-Z e�ect. The submillimetre background due to dusty primeval galaxies can only interfere with

the S-Z e�ect to a factor smaller by an order of magnitude, even with the aid of gravitational lensing. For

smaller beam sizes such as the 17.7′′ beam of UKT14, both the S-Z e�ect and the �ux expected from the

gravitationally lensed submillimetre background are of the same order of magnitude, when the position

on the sky is advantageously chosen. Interestingly, the expected �ux increment to the CBR towards the

centre of 0016+16 at 855 µm in a 17.7′′ beam is ∼10 mJy, which is within the capabilities of UKT14.
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Figure 3.27: a) Gravitational lensing by 0016+16 of the background source plane of Fig. 3.11 has the
e�ect of smearing the sources into generally larger structures, despite the fact that it is not a good lensing
cluster. b) The �gure below shows a cross-section through the image plane at the centre and parallel to
the x-axis. The dashed line is the spatial pro�le of the S-Z e�ect scaled here to correspond to the e�ect
at λ = 855 µm.
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Figure 3.28: a) Gravitational lensing by 0016+16 of the background source plane of Fig. 3.14 and b) the
cross section as in Fig. 3.27
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Figure 3.29: a) The best �ux in a 17.7′′ FWHM beam in the �eld of Fig. 3.27 as a result of gravitational
lensing of the submillimetre background is compared to the S-Z e�ect in the same beam. b) The lower
panel shows the �uxes in the central 60′′ FWHM beam of the same �eld.
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Figure 3.30: As in Fig. 3.29, the �uxes are shown for the image of the 5′′ scale sky �uctuations.
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Figure 3.31: Over 500 sky �elds with γ = 1.2 and r0 = 10′′ were generated, and these were each used as
the source plane. After gravitational lensing by 0016+16, the �ux in a beam of 60′′ FWHM centred on
the cluster was calculated. a) This is a histogram of the central �uxes from the repeated simulations. b)

The wavelength dependence of the e−
1
2 point of the above histogram.
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3.7 Discussion

This chapter investigated the potential of clusters of galaxies to be used as enhancers of small angular

scale anisotropies in the cosmic submillimetre background through their e�ect as gravitational lenses.

Gravitational lensing by clusters of galaxies has already dramatically shown its potential as a probe of

cluster mass distribution through the optical observations of luminous arcs. The same image stretching

would happen to the distant submillimetre sources which arise in many galaxy formation models.

The cluster mass model used was based on the mass potential approach of KB which qualitatively

agrees with the model of GN who simulated the observations of the optical luminous arcs in Abell 370.

Mass in the cluster is dominated by dark matter between the member galaxies so that for lensing e�ects

on the scale of tens of arcseconds in Abell 370 or Cl 2244− 02 the contributions from individual galaxies

can be neglected. The two dimensional mass potential used here is non-singular, but at large distance

from the cluster centre it behaves as an isothermal distribution.

The proposed sources for submillimetre gravitational lensing are a population of dusty galaxies at

redshift z = 10. These early galaxies, possibly the �rst generation, would be enveloped by a dusty

shell that arose from an initial burst of star formation. The result is an essentially blackbody source

emitting at a temperature of ∼50K. In order to simulate the distribution of these sources throughout the

sky, a Gaussian power spectrum was Fourier transformed, with the maximum amplitude given by a 5K

blackbody. The entire microwave sky is then a combination of the uniform Cosmic Blackbody Radiation,

and a distribution of 5K blackbodies forming a grey body. The �lling factor of the grey body and the

maximum allowable temperature of each source is strictly constrained by the recent CBR measurements

made by the COBE satellite. However, this stipulation has been satis�ed, and the resulting simulation

of a submillimetre sky compares well with the detailed model of Bond et al. [1991].

With the advent of the Submillimetre Common User Bolometer Array on the James Clerk Maxwell

Telescope, it will become feasible to search for non-unformities in the CBR at small angular scales, and

at the Wien end of the blackbody spectrum. These are experiments that are not within the capabilities

of COBE due to its relatively wide �eld of view. However, di�erence experiments, such as that proposed

here, are certainly possible from ground based telescope, and the simulations presented in this work will

become testable.

One of the two interfering e�ects involved in a microwave increment experiment is the simple addition

of a submillimetre excess. The CBR together with a patchy submillimetre background convolved with a

large beam will be seen as a a single background �ux that would undergo the S-Z e�ect. The cluster is
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then fed with a more energetic background that can be Compton scattered according to the S-Z e�ect.

This will produce an over estimate of the magnitude of the S-Z e�ect (Fig. 3.8) even for clusters which

are not good gravitational lenses.

Where gravitational lensing is important, the result can be even more dramatic, as in the simulations

of A370 and Cl 2244− 02. Here, lower energy photons are bumped into the Wien end of the CBR by the

S-Z e�ect, and also, photons that would otherwise miss the observer, are redirected down the telescope

by gravitational lensing. Figures 3.18, 3.19 for A370, and Figs. 3.24 and 3.25 for Cl 2244− 02 compare

the relative �ux di�erences due to the S-Z and the primeval dusty galaxies. In a large beam experiment,

of the order of 60′′, the S-Z is the dominant contributor to the CBR distortion, but primeval dust can

still comprise a large fraction of the received �ux. A simple di�erence experiment would measure either

an enhanced or diminished S-Z e�ect.

Even in an S-Z candidate cluster such as 0016+16, the gravitational lens e�ect is still important to

within an order of magnitude of the S-Z e�ect. Figures. 3.29 and 3.30 show the measured �uxes from

simulations in which the primordial dust is predominantly on 10′′ and 5′′ scales respectively. Added

together, the two e�ects would lead to a spurious result if the single result was attributed only to the

S-Z e�ect. An over/under estimate of the S-Z e�ect would lead to an over/under estimate of the Hubble

constant.

One of the motivations for this Chapter arises from the possibility of doing the �Microwave Increment�

or S-Z experiment with the new generation of highly sensitive submillimetre bolometer systems. A

conclusion to be drawn from the simulations of A370, Cl 2244− 02 and 0016+16 is that one must be

careful at high frequencies since the CBR distortion may not be entirely due to the S-Z e�ect. Narrow

beam experiments towards clusters of galaxies will be most sensitive to the dusty primeval galaxy e�ect,

but by mapping the clusters the smooth S-Z morphology can easily be decoupled from the bumpy nature

of individual background submillimetre sources.

When S-Z experiments begin to be performed at the higher frequencies, it will be important to

consider the contamination of the e�ect by dusty background sources enhanced by gravitational lensing.

Within a year, SCUBA, the submillimetre continuum imaging receiver, will be operational on the James

Clerk Maxwell Telescope. High resolution maps of S-Z candidate clusters will allow for the separation

of S-Z contaminants such as emission from individual cluster members, and the e�ect of background

source described in this chapter. The smooth S-Z spatial shape is easily di�erentiated from the bumpy

morphology of individual sources, but a wide beam experiment will convolve all these e�ects together

leading to a spurious result.



Chapter 4

JCMT Observation of CL2244�02

The search for anisotropies in the CBR is on-going across the microwave spectrum, and at various angular

scales. These include experiments, current and planned, at Antarctica [Peterson 1989], as well as rocket

and balloon borne experiments [see Bond et al. 1991 for an overview]. The most famous is the COBE

satellite already mentioned in the last chapter.

Continuing ground based investigations of the CBR in the face of such a high calibre instrument as

COBE is motivated by the very small angular scales that can be probed by large ground based telescopes.

Although the FIRAS instrument in COBE measured the temperature of the CBR to unprecedented

accuracy, the ability of COBE, using the DIRBE instrument, to probe for anisotropy is limited to the

relatively large angular scale of 7◦. Cosmic submillimeter background anisotropy which would be due

to dust emission has the greatest proportional amplitude at the smallest angular scales, with 10′′ about

the optimum hunting ground. Hence, observations from IRAM [e.g.Kreysa & Chini 1988, 1989] and the

JCMT [Church 1990] are the best locations for submillimetre, small angular scale anisotropies. Ground

based observations will not compete with COBE for constraining the spectral shape of the CBR, but

since the search for spatial non-uniformities is a di�erence experiment, the instrumentation di�culties

are much less formidable than in an absolute measurement of the CBR.

The Panel for the Allocation of Telescope Time awarded two eight hour shifts on the JCMT to make

a submillimetre observation towards the galaxy cluster Abell 370 in order to detect sources magni�ed

by the gravitational lensing e�ect described in the last chapter. The JCMT is operated by the Royal

Observatory, Edinburgh on behalf of the UK SERC, the the Canadian NRC, and the NWO of the

Netherlands. After a schedule change due to required engineering work on the JCMT, observations were

63
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moved from early June to 27-28 June, e�ectively putting A370 outside the observing window of Mauna

Kea at that time. As a result, the secondary target, Cl 2244− 02 was chosen.

This Chapter presents the results from an experiment in which 850 µm observations were made to-

wards the galaxy cluster Cl 2244−02 on the James Clerk Maxwell Telescope. Analysis of the data shows

that the UKT14 bolometer system integrated the noise down at a rate somewhat slower than ideal. The

noise level of the receiver was 3 mJy, but because of poor atmospheric transmission, this translates to

11.6 mJy for astronomical sources. The upper limit achieved is ∆T/T < 4.6× 10−3 (95% con�dence).

Moreover, this is the �rst measurement attempted at an angular scale .5′′ since gravitational lensing

would spread a 3′′ source into a 18′′ beam, as shown in the last chapter. Alternatively, one can ap-

peal to the ampli�cation property of gravitational lensing and the result becomes ∆T/T < 1.8× 10−3

(95% con�dence).

Chapter Organization

This Chapter begins in the �rst Section with a brief description of UKT14 which was the instrument

that performed this experiment. In Section 4.2, the observing programme is outlined, and the data is

presented in Section 4.3. Analysis of the data includes the receiver noise behaviour (Section 4.4) and the

various upper limits that can be derived when the e�ect of gravitational lensing is taken into account.

4.1 The Instrument

The UKT14 bolometer system is a single element submillimetre continuum receiver which sits at the f/35

Nasmyth focus of the JCMT [Duncan et al. 1990]. Light is collected by a Winston cone feedhorn and is

funnelled down onto the composite germanium crystal which sits in a spherical integrating cavity cooled

to 0.36 K.

The Winston cone is sometimes referred to as the �Ideal Collector�, and it provides a very broad

antenna pro�le, focussing many wave modes down to the bolometer. This topic is more closely examined

in the following chapter. A bolometer system is equally sensitive to coherent and incoherent radiation,

and the broad antenna pro�le of a Winston cone allows most of the radiation within the beam area to

enter the bolometer, so UKT14 is an excellent detector of strong, thermal submillimetre emission. For

fainter objects, the low sensitivity makes detection very di�cult on the JCMT, but this will be remedied

in the near future when SCUBA replaces UKT14 as the continuum receiver with bolometer sensitivity
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approximately an order of magnitude better than UKT14.

A bolometer system will accept radiation from a very wide frequency range, and so the waveband is

chosen by �lters. For the present experiment, the 850 µm SCUBA test �lter was employed. The centre

frequency of 350 GHz and range of ±25 GHz corresponds to a waveband between 798 µm and 920 µm,

centred at 855 µm. This is a signi�cantly smaller waveband than the 0.8 mm �lter which is centred

at 761 µm and spans from 603 µm to 1030 µm. The SCUBA test �lter avoids a fairly substantial sky

emission feature at ∼750 µm but as a result, less power from the source reaches the bolometer. When

this �lter is eventually used in SCUBA, its greater sensitivity will compensate for this power reduction.

On UKT14 for the observation described here, the choice of �lter was made based on the notion that

reducing unquanti�able sky emission was essential in an experiment in which the sky emission would

represent a very large majority proportion of the incoming power. The �lter was produced at Queen

Mary & West�eld College by P.A.R.Ade and his Experimental Physics group.

The aperture opening of UKT14 was set at its maximum of 65 mm which is the constraint imposed

by the size of the lens. A large aperture results in a telescope beam with a wide FWHM. In conjunction

with the SCUBA test �lter, UKT14 has FWHM beam width of 17.7′′ ± 0.7′′ as determined during the

observing run by measurements of the bright point sources Mars and Uranus. Since the experiment is

one which is looking for extended patches of submillimetre emission, the wide beam was chosen as the

best way to maximize �ux from the source. The expectation is that the beam �lling factor of the source

will be very high, and a narrower �lter would simply lead to a smaller �ux in the same proportion to sky

emission as in the wide beam experiment.

4.2 The Observing Programme

The entire two observing shifts were dedicated to continuous integration of �ux from the point at RA and

dec 22h44m29.33s and −2deg21′29.0′′ (1950 epoch). This corresponds to the centre of the main luminous

arc in Cl 2244− 02, which, at 8.3′′ from the centre of the nearest cD galaxy, is ∼11′′ from the centre of

curvature of the arc: The point which is essentially coincident with the cluster gravitational centre. The

17.7′′ beam of UKT14 covered the main arc, and also included part of the nearest cD galaxy, reaching to

within 3′′ of the cluster centre. The motivation for this position were few-fold, beginning with the recent

results from COBE. The constraints on a microwave excess above the CBR were originally estimated

based on the Matsumoto et al. [1988] result which implied a �ux of ∼100 mJy per beam. This was re-

evaluated down to ∼5 mJy per beam (see Fig. 3.24), making the experiment an extremely di�cult one.
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However, with excellent weather conditions, this was still just within the grasp of UKT14. The chosen

position covers not only the observed luminous arc, but the position within which the Einstein ring from

a distant (z & 3) object would appear, as well as a portion of the cD galaxy. Thus, a positive detection

could have been attributed to emission from either of the known optical sources, or from background

submillimetre sources. Any of these possibilities would be an interesting result, and this choice of beam

position maximizes the number of potential sources.

Overheads for various reasons amounted to some 60% of the observing time, and the on-source time

amounted to only half the remainder because of sky chopping. Pointing checks were done approximately

hourly on the nearby quasar 2223−052, and an average error for the JCMT those nights was 2.5′′ with the

worst pointing being 6′′ o� target in the middle of the �rst night. These pointing o�sets are satisfactory

for the 17.7′′ beam experiment. The focus of UKT14 was adjusted three times during each night using

Uranus on the �rst occasion, and Mars on the subsequent two. All these measurements were also used to

obtain the optical depth of the Earth's atmosphere above Mauna Kea, which during two nights of stable

but ∼50% humid weather varied from τ = 1.1 to τ = 1.2 on the �rst night, and τ = 0.95 to τ = 1.1 on the

second. The air mass through which the source position was observed ranged from 1.1 to 2.2 air masses

(see Fig. 4.1). The SCUBA 850 µm test �lter was found to have a conversion factor of 13.4 mJy/ µV.

Figure 4.1: The source transitting across the sky ended up at a position low on the horizon as shown by
the high air mass at 19hr. This, along with the high optical depth, is responsible for the large scatter of
the data points in the mornings of the observing run.
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The �ux integrations on Cl 2244− 02 were done in the 10/40 mode with a 100′′ chop throw. This is a

relatively short integration time of 5 seconds on the source position followed by 5 seconds on the reference

sky position and it was chosen in order to minimize the e�ect of atmosphere emission �uctuations. The

chop throw was always 100′′ across the azimuth to a position at the same air mass, well away from the

cluster. In this way, the �ux from the sky position could be subtracted from that of the source position

to give a relative �ux (in units of µV) which was independent of weather and air mass throughout the

observing programme. The JCMT controlling software for UKT14 took 40 of these 10 second integrations

per �scan�, after which the air mass was re-calculated and then a further 400 second observation was

performed.

4.3 The Data

The individual 5 second integrations are represented by Fig. 4.2 in their raw form as voltage measure-

ments. These indicate the �ux di�erential between the source position and the sky position falling on

the bolometer. Two points were rejected as being spurious and the mean signal level of 0.370 µV is 1.71

times the noise level of 0.216 µV.

Using the �lter conversion of 13.4 mJy/ µV, the noise level corresponding to the standard error of

0.216 µV is 2.9 mJy. This, however, does not take into account the attenuation by the atmosphere.

Nonetheless, the result does reveal the low level that one can strive for in a two-shift observing run with

UKT14 on the JCMT.

Taking into account the optical depth at each integration, the same data could be used to get an

absolute mean �ux from the target in Cl 2244− 02 of 20.4 mJy at 1.42 times the noise level of 14.4 mJy.

The smaller S/N ratio for the calibrated data is due to the much higher noise level as can be seen in

Fig. 4.3.

The di�culty in properly accounting for the atmosphere through the optical depth and the air mass

manifests itself as a greater scatter around the mean value of the �ux integrations. Morning observations

taken towards the end of the shift are particularly a�ected by this (see Fig. 4.3). However, the uncalibrated

�ux values in µV are much more consistent throughout the two observing shifts, as seen in Fig. 4.2. The

distribution of the points is plotted in the histogram of Fig. 4.4. The distribution is nearly Gaussian

indicating that the experiment measured mostly the random sky noise.

In order to recover the signal to noise attained by the uncalibrated data, one can remove the scatter

in the data points, and thereby reduce the noise level, by weighting each measurement with the optical
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depth at that time. The error on each data point is then given by the standard error adjusted by the

optical depth at that time i.e.±σ exp(αiτi) where αi and τi are the air mass and optical depth associated

with the ith data point. This, in e�ect, reproduces the data set plotted in Fig. 4.2. The best estimate of

the measured signal is then

∆Fmeas =
∑

wi∆F i

/∑
wi, wi = e−αiτi

/
σ2 (4.1)

and the new standard error is also weighted as above

σinst = 1
/∑

wi . (4.2)

For the data set here, this results in the noise level of σinst = 11.6 mJy and the mean value is

∆Fmeas = 19.8 mJy at 1.71 times the noise level.

Comparing the 2.9 mJy standard error derived previously to the 11.6 mJy result gives a value for

the average sky transmission over the two observing shifts:

T = 2.9/11.6 = 25%.
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Figure 4.2: The data consists of 1923 5 second integrations plotted here as raw points, uncalibrated to
give a real �ux signal. The mean signal level of 0.370 µV is 1.71 times the standard error.
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Figure 4.3: The same data set as Fig. 4.2 is plotted here, this time as real �ux measurement. As can be
seen at 75 minutes, and 150 minutes, the ends of the observing nights show an increase the noise level.
This e�ect is avoided by uncalibrated sky subtraction at equal air masses, as in Fig. 4.2. Here, the mean
signal level of 20.2 mJy is 1.44 times the standard error.

Figure 4.4: The histogram of the points in Fig. 4.2 shows that it is a Gaussian distribution to a high
degree. The solid curve is the best �t Gaussian distribution.
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Figure 4.5: The histogram of the points in Fig. 4.3 shows that it is much less like a Gaussian distribution
than that of the uncalibrated points. The solid curve is the best �t Gaussian distribution.



72 S.A. Torchinsky, PhD., University of Edinburgh 1991

4.4 Noise Behaviour

This was an experiment which tested the limits of UKT14's deep photometry capabilities, and so a matter

of some interest is the receiver's behaviour during such a long integration. The standard deviation Q is

calculated in the usual manner as follows:

Q2 =
1

N − 1

N∑
i=1

(xi − 〈x〉)2 , (4.3a)

where the mean signal is simply the average of all the integrations,

〈x〉 =
1
N

N∑
i=1

xi. (4.3b)

This then is used to compute the standard error achieved through the total of 2 hours, 40 minutes, and

5 seconds of integration,

σ2 = Q2/N. (4.3c)

There were N = 1923 data points which gave the 1.7σ `detection' described above.

In order to plot how the standard deviation is decreasing with time, the data points are partitioned

into j bins, each with Nj points, and the standard deviation is computed using the mean value of each

of the j bins,

Q2
j =

1
j − 1

j∑
k=1

(〈x〉k − 〈x〉)2 . (4.4a)

Qj is now the standard deviation on j points which are the following,

〈x〉k =
1
Nj

k×Nj∑
i=k×Nj−Nj

xi. (4.4b)

When j = N then the standard deviation is the same as that computed in the normal way by Eqs.4.3.

This is the �rst point plotted in Fig. 4.6. The second point is computed from j = 961 bins each with 2

points, corresponding to 10 seconds integration time. The number of bins is decreased until the last point

of Fig. 4.6 which is the result of 2 bins of 961 points each, or 1 hour 20 minutes and 5 seconds integration

time. The error bars on these points are derived from the standard result in Gaussian statistics that the
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variation on the variation is related to the σ level as follows:

q2j = 2σ2/(j − 1), (4.5)

where σ is that calculated in Eq. 4.3c. As can be seen, for short integration time, the receiver behaves

ideally: Integrating down the noise in proportion to the square root of the time. After only a couple of

minutes however, the noise drop gets slower, reducing in proportion to t−0.40. This is presumably due to

noise from the receiver itself, as opposed to sky noise.

Figure 4.6: During the �rst couple of minutes, the noise level on the UKT14 bolometer system integrated
down at the ideal rate in proportion to the square root of the time. After this, the noise level dropped
somewhat more slowly according to the dependence relation Q2 ∝ t−0.4.

4.5 Upper limits

The upper limit on CBR anisotropy towards Cl 2244− 02 can be derived from the equivalent 95% con�-

dence level of the `detection'. If the noise level was su�ciently low, then the detection would be expressed

as

∆F true = ∆Fmeas ± σinst. (4.6)
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However, for an experiment which did not achieve enough signal-to-noise to con�dently claim a detection,

a 95% con�dence upper limit can be derived as

∆F true < ∆Fmeas + σ95%. (4.7)

Given a Gaussian distribution of points about x = 0, the probability that a chosen point is in the range

−∞ to +∆F is

P =
1√

2π σinst

∫ +∆F

−∞
exp

(
− x2

2σ2
inst

)
dx. (4.8)

This takes into account the possibility that the experiment could measure a decrement (i.e.negative

�uctuation). The rms, or e−
1
2 point for a Gaussian distribution, is given by σinst. Choosing P =95% to

give a 95% con�dence upper limit, the resulting value for ∆F is

∆F = 1.645× σinst (4.9)

which de�nes the 95% level of σ95% = 1.645σinst to be used in Eq. 4.7.

The upper limit on CBR anisotropy is derived from the `detection' of

∆Fmeas = 1.71σinst presented in the last Section. Thus, the upper limit on �ux anisotropy at λ = 850 µm

is

∆F < 1.645× 1.71× 11.6 mJy = 33 mJy.

At 850 µm the �ux from the CBR in the 17.7′′ beam would be 1.1 Jy, so the relative �ux anisotropy

upper limit is

∆F/F < 33 mJy/1.1 Jy = 3.0× 10−2.

The �ux di�erential is simply related to the temperature di�erential through the Planck function so

∆T/T = x−1(1− e−x)∆F/F, x = hν/kT = 6.19 for λ = 850 µm and T = 2.735 K.

Therefore, this experiment measured an upper limit on temperature anisotropy through the cluster

Cl 2244− 02 of ∆T/T < 4.6× 10−3 (95% con�dence).

The motivation for pointing the observation towards a gravitational lens was to improve the �ux

level arriving at the telescope. Based on the work in the previous chapter, the upper limit on tem-

perature anisotropy can be adjusted. As shown in Section 3.6.2, this experiment probed anisotropy on
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an angular scale .5′′. Hence the upper limit on CBR anisotropy measured by this experiment was

∆T/T < 4.6× 10−3, 5′′ scale (95% con�dence). Alternatively, one can adjust the amplitude of the upper

limit itself using the result in Section 3.6.2 that the equivalent ampli�cation corresponding to the 17.7′′

beam was ∼2.5×. This experiment claims an upper limit on CBR anisotropy towards Cl 2244− 02 of

∆T/T < 1.8× 10−3, 18′′ scale (95% con�dence).

The anisotropy upper limit quoted above is for a single point on the sky, but in order to compare this

experiment with the models of Bond et al. [1991] and the work of Church [1990], it should be translated

to the equivalent rms �uctuation expected across the sky. This is done by assuming that a detected �ux

of magnitude |∆F | at a given position on the sky is part of a Gaussian �eld of spatial �uctuations. Then

one can de�ne the probability that ∆F would be found at that position on the sky. Similar to Eq. 4.8,

this is

P =
1√
2π σ

∫ +∆F

−∆F

exp
(
− x2

2σ2

)
dx (4.10)

where now the rms σ has two components due to the spatial �uctuations (σsky) and the receiver noise

(σinst) such that

σ =
√
σ2

sky + σ2
inst. (4.11)

By asserting that the probability of �nding ∆F at that position is small (5%), Eq. 4.10 can be satisfactorily

approximated by the mean value theorem providing a value for σ in terms of ∆F :

5% = 2 |∆F |/
√

2π σ. (4.12)

The 95% con�dence estimate for rms sky �uctuations is �nally derived from Eq. 4.11 as

σsky(95%) =
√

(15.96 |∆F |)2 − σ2
inst. (4.13)

The uncalibrated di�erence scheme measured a �ux di�erential at the 1.71σinst level, so the corresponding

sky rms �uctuation level is σsky = 27.3σinst. This translates directly to a CBR rms temperature anisotropy

of ∆T/T < 5.0× 10−2 18′′ angular scale (95% con�dence). This is the most appropriate estimate to

compare with the upper limit on rms CBR �uctuations by Church which was 1.4× 10−3 (95% con�dence):

just over an order of magnitude better.

The observations were pointed towards the optical luminous arc in Cl 2244− 02, so it is worth

investigating whether the result can be used to constrain the �ux from that source, or from cluster
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members which may have been in the beam. In order to see if the limit is an interesting one, an extreme

example of a very luminous galaxy will be considered. In particular, this will be the nearby galaxy M82

which has been extensively studied as a site of vigorous star formation [see e.g.Puxley 1988] with �ux

measurements across a wide spectrum [see Klein et al. 1988 for a summary].

The present experiment was measuring the 260 µm emission (850 µm redshifted by z=2.238). If the

luminous arc is an object similar to M82 then an estimate of the �ux at a given frequency is inferred

from a simple power law spectral model viz.

Fν ∝ νn. (4.14)

This method is satisfactory when one wishes to ascertain the �ux at a frequency between two known values,

separated by a modest energy gap. By simple interpolation between the known �ux of 630± 24 Jy at

141 µm [Telesco & Harper 1980] and that of 30± 10 Jy at 400 µm [Ja�e et al. 1984] the spectral index

is evaluated to be n = 3.0. The intrinsic 260 µm emission of M82 would then be 120 Jy.

It is now necessary to place M82 at the redshift of the arc. Luminosity drops o� with the square

of the luminosity distance which is related to the angular diameter distance (Eq. 2.6) by two factors of

1+z:

DL = (1+z)2Da [see Weinberg 1972, pg. 485].

Taking H0 = 80 km s−1 Mpc−1 for the sake of argument, and Ω0 = 1, the luminosity distance of the arc

at redshift (z=2.238) is 10 900Mpc. The distance adopted for M82 is 3.25 Mpc [Tammann & Sandage

1968]. Flux will drop o� with the square of the luminosity distance so the estimated �ux at z=2.238

is a factor 3.252/109002 smaller than the 120 Jy. The estimated �ux of an M82-like object at redshift

z=2.238 is ∼0.01 mJy.

The 95% con�dence upper limit of 33 mJy does not rule out the possibility that the arc is as luminous

as M82, nor even something an order of magnitude more luminous such as Arp220 for example. It cannot,

however, be anything with a luminosity several orders of magnitude greater than M82. Such objects exist.

Very recently the most luminous object in the known universe has been detected at millimetre wavelengths

by Rowan-Robinson et al. [1991]. This object at a redshift of z'2 should have a 850 µm �ux of ∼40 mJy.

Such a galaxy would have been detected at a high S/N ratio by this experiment.

A remaining possibility is emission from cluster members in the beam, such as the cD galaxy near

the centre of curvature of the luminous arc. Once again, putting M82 at the cluster redshift of z=0.328
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means that the intrinsic �ux at 640 µm is required. This time the spectral index in Eq. 4.14 is derived

from interpolating between the 400 µm �ux, and the 1 mm �ux of 2.7± 0.7 Jy [Elias et al. 1978]. The

spectral index is n = 2.6 and the assumed intrinsic �ux at 640 µm is 8.8 Jy. At a redshift of z=0.328,

the observed 850 µm �ux from M82 would be 0.05 mJy, so again, the cD galaxy can be a highly luminous

object and still not have been detected by this experiment.

4.6 Discussion

An attempt was made to detect the CBR distortion due to dusty primeval galaxies by pointing the JCMT

towards the cluster Cl 2244− 02 and measuring the 850 µm �ux in a 17.7′′ beam. Gravitational lensing

by the cluster would spread out the postulated ∼5′′ scale anisotropy into ∼20′′, e�ectively amplifying

the �ux from such a �eld of very high z sources.

Despite the rather humid weather, the use of a relatively short integration time to e�ectively eliminate

the problem of sky emission �uctuations produced the upper limit on anisotropy of ∆T/T < 4.6× 10−3

(95% con�dence). Moreover, the use of the cluster as a gravitational lens makes this the �rst measurement

of CBR anisotropies on an angular scale .5′′. Alternatively, the gravitational lens can be considered

as an ampli�er, so that the upper limit on the 18′′ scale becomes ∆T/T < 1.8× 10−3 (95% con�dence).

The estimate on overall rms sky �uctuations is ∆T/T < 5.0× 10−2.

It was also investigated to see whether the �ux from speci�c galaxies could be constrained by this

experiment. The star forming galaxy M82 at the redshifts of either the luminous arc z=2.238 or at that

of the cluster itself z=0.328 would have a 850 µm �ux lower than the 95% con�dence lower limit set

by this experiment of ∆F < 33 mJy. Therefore the data does not rule out that the galaxy associated

with the luminous arc is an extremely energetic submillimetre emitter. The discovery of such an object

in a di�erent location by Rowan-Robinson et al. leads to a possible future experiment of this type to

determine the submillimetre luminosity of the �most luminous object in the known universe.�

The noise level of UKT14 was found to drop to the low level of 3 mJy after the two observing shifts

and with the noise reducing at a rate proportional to time as t−0.4. In terms of �ux actually falling on

the receiver, UKT14 seems capable of achieving a 3 mJy noise level after a two shift observing run. If

the sky transmission is high, then this sets an attainable goal for future UKT14 experiments of ∼5 mJy

sensitivity level (detection of sources of 15 mJy) or better given good observing conditions.

After two observing shifts on the JCMT, the noise level was approximately a factor of �ve above

the expected signal as predicted in the last Chapter. In order to improve the noise level by a factor of
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�ve, based on the result that noise integrated down approximately as σ ∝ t−0.4, the same experiment in

identical weather conditions would require a further 100 hours or so. Excellent weather might enhance

the receiver sensitivity by a factor of two or three, so that at the most optimistic, this experiment requires

about 16 total integration hours. With overheads at ∼80% (considering integrations on sky positions as

an overhead), one would have to ask for nine observing shifts.

It is hard to imagine how to improve this experiment, except by increasing the integration time. A

minimum acceptable number of pointing checks and focus checks were performed. UKT14 worked contin-

uously throughout the two nights without any time wasted by hardware nor software failure. Eventually,

SCUBA will be able to achieve the �ux levels required with reasonable observing times because it will be

a more sensitive bolometer system, that is an internally calibrated array instrument so that one can do

the sky subtraction on the array itself without nodding the telescope.



Part II

Feedhorn Design for SCUBA
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Chapter 5

Introduction to Part II

This Part looks at one of the topics at the other end of astronomy. The design of better instrumentation

for observations is an activity essential to the progress of the science. Sometimes an instrument is

designed with a particular experiment in mind, and quite often a more general purpose receiver is desired

for a range of possibilities. The subject of this Part is some of the design considerations for a versatile

submillimetre receiver which, among other tasks, will eventually perform the experiments described in

the �rst Part of the thesis.

The experiment presented in the last chapter will be remarkably improved when the Submillimetre

Common User Bolometer Array (SCUBA) is on the James Clerk Maxwell Telescope. Bolometers cooled

to 0.1 K and the increased number of pixels combine to make SCUBA orders of magnitude more e�cient

and sensitive than the existing bolometer on JCMT. SCUBA also o�ers an added advantage to point

source observations by employing single moded optics which improve aperture e�ciency.

Previous submillimetre photometers, such as UKT14, have employedWinston cones as their radiation

collectors. It is a fundamental di�erance in philosophy that SCUBA will have single moded feedhorns

instead of the �Ideal Collector� described by Winston [1970] and Harper et al. [1976], but after some

consideration it becomes clear that a Winston cone is not the device to use in the di�raction limit.

Geometric ray-tracing reveals the great advantage of the Winston cone as a collector in which all incoming

rays are eventually re�ected down through the horn exit; however, in the di�raction limit a wave analysis

is more appropriate. In this case the horn pro�le is determined by a �nite number of wave modes (see

Section 7.1), perhaps of the order of ten or more [Holland 1990] creating a very broad, non-Gaussian

beam pro�le with wings beginning at a relatively high dB level. This immediately implies poor aperture
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Figure 5.1: The Winston cone is a surface of revolution in which the generating curve is a parabola
(dashed line). The parabola is rotated and revolved about an axis such that the focus (the black dot)
de�nes the exit aperture. Thus, light entering the horn parallel to its axis reaches the exit after a single
re�ection.

e�ciency since the horn �eld does not match well to the incoming Airy pattern (see Section 7.2.1). If

aperture e�ciency is not a priority, (i.e.point source detection is not the primary task) then the Winston

cone might be appropriate if it is in the aperture plane of the telescope, where a more top-hat like pro�le

is suitable. SCUBA is an imaging array and is therefore in the focal plane. This, along with the fact that

aperture e�ciency is a priority, leads inexorably to the decision that SCUBA should have single moded

optics.

SCUBA will satisfy essentially all the desired criteria for submillimetre continuum observations avail-

able with present technology. The relatively large �eld of view, and the sky-noise limited detectors in an
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imaging array perhaps justi�es SCUBA being called the �the de�nitive receiver� in submillimetre contin-

uum astronomy. It will o�er imaging capabilites in four wavebands, as well as single pixel photometry at

two other frequencies: 273 GHz (1.1 mm) and 150 GHz (2.0 mm).

Feedhorns for incoherent detectors are generally designed to focus the maximum available power

onto a bolometer which then absorbs it, regardless of phase. As already emphasized, the optimization of

aperture e�ciency and the reduction of unwanted background power entering the system requires the use

of single moded optics. The conical horn has the problem of di�ering Ẽ and H̃ plane pro�les and some-

what non-Gaussian antenna beam pro�le. This is normally overcome by corrugating the feed resulting in

a highly Gaussian �eld with suppressed sidelobes [Thomas 1978, and see e.g.Mahmoud 1983, Clarricoats

& Olver 1984, Wylde 1984, Olver & Jun Xiang 1988, Narasimhan & Govind 1988]. Unfortunately, manu-

facturing corrugated feeds for use in the submillimetre waveband is extremely di�cult due to their small

dimensions, and this is especially prohibitive when many horn antennas are required. Thus, although

feedhorn design can become quite complex in order to satisfy stringent pro�le requirements, it is for the

sake of manufacturing simplicity that the SCUBA horns will be conical.

This Part presents a theoretical analysis of a feedhorn system, including all the components: The

horn, waveguide and the integrating cavity. The desirability of single mode optics is emphasized, and

aperture e�ciency, beam e�ciency, ohmic losses, and wavemode scatter at the integrating cavity are all

considered. The �nal SCUBA horn design was decided on the basis of the work presented here.

Organization of Part II

This Part is organized as follows: In Chapter 6, the �rst SCUBA design feature dealt with is the control

of single moded wave propagation using waveguides, and also the possibility of having a single moded

feedhorn without the use of a waveguide. The aperture e�ciency and beam, or spillover e�ciency, are

discussed in Chapter 7, using Gaussian beam analysis, and in particular, the problem of having an

overmoded system is addressed. Chapter 8 looks at the behaviour of the radiation as it passes into the

integrating cavity, and models the absorption performance of the cavity-bolometer system, including the

e�ect of high order modes which appear after scattering from the waveguide-cavity junction.
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Chapter 6

Single Mode Optics without a

Waveguide

Submillimetre feedhorns are manufactured in a process involving the growth of some metal (usually

copper) onto a mandrel. The mandrel can then be removed, as a plug, to leave the copper in the shape

of the horn, but for very small designs, or complicated designs such as corrugations, it is necessary to

etch out the mandrel, destroying it in the process. The latter situation is the one SCUBA �nds itself in

due to the relatively small horn dimensions. Hence, at least 128 mandrels must be fabricated.

Initial attempts by the ROE workshop to fabricate the horns met with limited success because of

the transition from horn to waveguide, and also because of the very narrow waveguide diameter. The

transition was slightly jagged, and the waveguide itself somewhat curved. Since a smooth transition is

essential in order to prevent unwanted mode conversion, and axial symmetry is important likewise, the

mandrels produced had to be rejected.

A simpli�cation to the horn design was very welcome at this point, and doing away with the need

for a waveguide would achieve the most dramatic di�erence to horn manufacture. Obviously, this can

not be done if the single moded nature of the horn is compromised for the reasons already outlined.

Nevertheless, the very narrow horn �are angle creates a device which is very close to a waveguide: high-

mode attenuation begins within the horn, before radiation reaches the waveguide. As it turns out, this

e�ect is su�cient to make the waveguide a redundant component in the 438 µm feedhorn if the high

bandpass window is chosen (see Fig. 6.3). Thus, one has a totally novel approach to single moded optics
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achieved without the use of a waveguide.

In further developments, it was decided to contract out the manufacturing task to Thomas Keatings

Inc. With a specialized high rpm CNC lathe, they will be capable of producing the feedhorns to the

required speci�cations, including waveguides on the smaller horns. This allows the 438 µm SCUBA

horns to have waveguides and so a large bandpass option, beginning at 482 µm (619 GHz) instead of the

shorter wavelength of 458 µm (655 GHz). The higher frequency horns can be made single moded without

a waveguide, but the decision to go for a lower frequency window requires a larger horn exit diameter,

and therefore rules out single moded optics without a waveguide.

Chapter Organization

In the following Section, the analysis is developed which describes how the cylindrical waveguide modes

attenuate in a conical horn. Sections 6.2 and 6.3 relate this analysis to the particular cases of the high

and low frequency observing windows on Mauna Kea, and the ones chosen for SCUBA.

6.1 Controlling the Single Mode Optics

Wave propagation in a cylindrical waveguide and in a conical horn with small �are angle is considered to

be cylindrically symmetric and has the form

Ψ(r, θ, z) = ψ(r, θ)eikz (6.1)

where z is the coordinate along the horn axis, and k is the wave number in the guide (Eq. A.4e). λ is the

free-space wavelength, and γcutoff = 2.404 for the TM01 waveguide mode, which is the second one to be

excited (see Table 6.1).

Table 6.1: Beam Mode Cut-o�

Mode γcut-o�
TE11 1.84118
TM01 2.40483
TE21 3.05424
TE02 3.831706
TM11 3.83171
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Figure 6.1: The conical feedhorn system consists of a cone of axial length L followed by a cylindrical
waveguide which feeds the radiation into an integrating cavity (not shown). The TM01 waveguide mode
begins to be attenuated when the horn radius is aA at a distance zA − ze from the horn exit.

Finally, the dimensionless frequency in the guide is γ = 2πa/λ where a = a(z) is the guide (or horn)

radius. For a conical horn

a(z) = z tanϕ (6.2)

and ϕ is the semi-�are angle of the horn.

One can think of a conical horn as being made up of a large number of short cylinders of increasing

radii. The propagation of the wave from the end of one cylinder to the beginning of the next is

Ψ(r, θ, z) = ψ(r, θ)eik∆z (6.3)

and this can be generalized to an in�nite number of short cylinders to get an expression for an arbitrarily
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Figure 6.2: Steps of cylinders can approximate a conical horn.

contoured horn of small �are angle [see for example, Snyder & Love 1983].

Ψ(r, θ, z) = ψ(r, θ)ei
R

k dz (6.4)

When the horn radius is small enough, the axial term in Eq. 6.4 changes from periodic to exponential

decay and the mode is attenuated. The `Region of Attenuation' begins at the point z = zA at which point

the radius aA = 2.404λshort/2π is where the TM01 mode begins to attenuate for the shortest wavelength

in the bandpass. The horn exit radius ae = 1.84118λlong/2π is just big enough to allow TE11 propagation

unattenuated for the longest wavelength in the bandpass.

The power coe�cient is

P = exp
(
−2
∫ ze

zA

|k| dz
)
, (6.5)

or in terms of the log

logP = log e
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∫ ze

zA

|k| dz
)
,

= log e
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(6.6)
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6.2 CASE I: The 438 µm Horn

Figure 6.3 shows an atmosphere transmission model for Mauna Kea assuming 1 mm precipitable water

vapour. The primary window is the one beginning at 619 GHz (484 µm), and radiation as high as 700 GHz

(428 µm) should propagate through the system. The former gives a horn exit radius of ae = 0.142 mm,

however, in order to allow for machining tolerance, a radius of 0.145 mm is speci�ed. Note that there

will be two moded propagation for some of the radiation in the window if the exit radius is larger than

0.164 mm (γ > 2.404 for ν = 700 GHz and ae > 0.164 mm). Equation 6.6 then gives

logP438 = −0.0846/ tanϕ (6.7)

and if the demand is that power attenuates to 0.1%, then the horn �are angle must satisfy

tanϕ < 0.0846/3 = 0.0282, or ϕ < 1.62◦

Figure 6.3: The atmosphere above Mauna Kea assuming 1 mm precipitable water vapour has two distinct
observing windows in the frequency range 500 GHz < ν < 1000 GHz. The cut-o� pro�le of the 438 µm
feedhorn system is plotted for the TE11 and the TM01 waveguide modes. The same horns used at
850 GHz (353 µm) will be two moded.

The horn mouth radius is am + δ = Fλ = 1.77 mm, where δ = 50 µm is the horn wall thickness,
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the beam F ratio is 4, and the central frequency is 660 GHz (455 µm). A horn of �are angle less than

1.62◦ is equivalent to a horn of length L > 63 mm. Space in the SCUBA cryostat constrains the horn

length to less than 40 mm, and for convenience a length of 31 mm is chosen. The semi-�are angle is then

ϕ = 3.27◦. Hence, the system requires a 0.2 mm waveguide in order to attenuate TM01 power below

10−3. For convenience, the waveguide length will be 1 mm which will certainly create a single moded

device.

Figure 6.4: The 438 µm horn with a length L = 31 mm has semi-�are angle ϕ = 3.27◦. TM01 power
attenuation begins at 0.34 mm from the horn exit and falls to nearly 10−2 by the time radiation reaches
the horn exit. A waveguide of 0.2 mm length further reduces the power in the higher mode to 10−3. The
�nal design has a waveguide of 1 mm length which attenuates the TM01 power to virtually nil.

With the highly sensitive bolometers in SCUBA, it is possible to have a very narrow band �lter which

will start after the 660 GHz sky emission feature. If the feedhorn is designed with only this window in

mind, then the horn exit radius could be as small as 0.133 mm or 0.135 mm including machining tolerance.

Equation 6.6 then gives logP438 = −0.154/ tanϕ and if the demand is that power attenuates to 0.1%,

then the horn �are angle must satisfy tanϕ < 0.154/3 = 0.0514 or ϕ < 2.94◦. With the horn mouth

radius of am + δ = Fλ = 1.77 mm, where the central frequency is 680 GHz (441 µm), a horn �are angle

of ϕ = 2.94◦ can be achieved with a horn of length L = 33.3 mm. Therefore, with a narrow band �lter

centred at 680 GHz (441 µm), the SCUBA horns could be single moded without using a waveguide.

However, the desire to o�er a wideband �lter as an option necessitates having a waveguide.
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6.3 CASE II: The 855 µm Horn

Figure 6.5 shows an atmosphere transmission model for Mauna Kea assuming 1 mm precipitable water

vapour. The primary window is the one beginning at 331 GHz (904 µm), and radiation as high as 373 GHz

(804 µm) should propagate through the system. The former gives a horn exit radius of ae = 0.265 mm,

however, in order to allow for machining tolerance, a radius of 0.268 mm is speci�ed. Note that there

will be two moded propagation for some of the radiation in the window if the exit radius is larger than

0.308 mm (γ > 2.404 for ν = 373 GHz and ae > 0.308 mm). Equation 6.6 then gives

logP855 = −0.0983/ tanϕ (6.8)

If we demand that power attenuates to 0.1%, then we require

tanϕ < 0.0983/3 = 0.0328

ϕ < 1.88◦

This is equivalent to a horn of length

L > 102.4 mm (6.9)

which is far too long for the space available in SCUBA.



92 S.A. Torchinsky, PhD., University of Edinburgh 1991

Figure 6.5: The atmosphere above Mauna Kea assuming 1 mm precipitable water vapour has three
distinct observing windows in the frequency range 300 GHz < ν < 600 GHz. The cut-o� pro�le of the
855 µm feedhorn system is plotted for the TE11, TM01 and the TE21 waveguide modes. The same horns
used at 408 GHz (735 µm) will be also be single moded, and at 478 GHz (628 µm) they will be two
moded.
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Figure 6.6: The 855 µm horn with a length L = 31 mm has semi-�are angle ϕ = 6.18◦. TM01 power
attenuation begins at 0.37 mm from the horn exit and falls to 10−1 by the time radiation reaches the
horn exit. A waveguide of 0.5 mm length further reduces the power in the higher mode to 10−3. The
�nal design has a waveguide of 2 mm length which attenuates the TM01 power to virtually nil.



94 S.A. Torchinsky, PhD., University of Edinburgh 1991

6.4 Discussion

Initially motivated by the desire to simplify the SCUBA horn design, the analysis presented in this

Chapter was undertaken to properly understand mode attenuation in a horn-waveguide system. This

became essential for choosing the appropriate length of waveguide, where needed. High mode attenuation

occurs both in the horn itself and in the waveguide.

A scheme which arose out of this analysis was the possibility of creating a single moded device

without the use of a waveguide. After selecting the frequency passbands based on the observing windows

at Mauna Kea, the feedhorn exit radius, and the waveguide length could be determined in order to ensure

single moded radiation at the primary observing windows. It was demonstrated how the 438 µm horn

could be single moded without a waveguide if the high frequency, narrow bandpass was chosen. This

was a major simpli�cation to the horn design, and horn manufacture could have taken place here at the

Royal Observatory, Edinburgh, with the existing equipment in the workshop. The cost of acquiring the

horn components could then be greatly reduced.

When it was decided that the available man power would not be used for horn production, the task

was contracted out to a specialist company. The simpli�cation to horn design was no longer necessary

since the high RPM, CNC lathe could cope with the tiny waveguides. The addition of a waveguide to

the 438 µm (684 GHz) feedhorn allows the horn exit diameter to be larger, and this in turns provides

for the option of a wide bandpass �lter beginning at 478 µm (627 GHz). Low frequency radiation that

would have been cut o� by the narrow exit diameter is instead allowed to pass on into the integrating

cavity in the �nal feedhorn design.

SCUBA will be a highly e�cient receiver, not only at its original design frequencies, but also at the

additional higher frequencies. In particular, Fig. 6.5 shows how the feedhorn system is single moded not

only at the primary observing window (855 µm, 351 GHz), but also at the secondary window (735 µm,

408 GHz). The horn dimensions are not optimized for e�ciency at the higher frequency, but the fact that

they are still single moded will greatly detract from unwanted background loading during point source

observations.



Chapter 7

Analysis of a Conical Horn fed by an

Oversized Waveguide

This chapter is a somewhat expanded version of the paper which appeared in International

Journal of Infrared and Millimeter Waves, under the same title, last year (vol. 11, pp. 791-
808, July 1990). Section 7.2, describing the dependence of e�ciency on horn length, and
discussing ohmic losses is not included in the published version. Furthermore, the horn di-
mensions used here are di�erent. This is due, in part, to the conclusion of Section 7.3 which
showed that the original horn length of 40 mm was longer than necessary. Finalizing the
choice of observing windows in the past few months has also a�ected the horn dimensions.

SCUBA was originally intended to be a two-channel imaging array for simultaneous observations at

350 GHz (855 µm) and 685 GHz (438 µm) with 37 pixels at the lower frequency, and 91 at the higher. The

astronomical community soon expressed disappointment that the receiver would not also take advantage

of three other observing windows that Mauna Kea can o�er: 481 GHz (623 µm), 428 GHz (700 µm)

and 857 GHz (350 µm) [Wynn-Williams 1988]. Two options were proposed to give SCUBA this added

�exibility. The possibility of including two additional arrays (four altogether) was quickly rejected as

this would require complicated optics in order to split the beam into four paths. Instead, SCUBA now

has a �lter drum which will allow the astronomer to choose the waveband at which she will observe

[Cunningham & Gear 1990].
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The analysis on overmoded optics was motivated by the additional frequencies that SCUBA now

o�ers. Each array of bolometers is designed to have optimum e�ciency at the original frequencies of

350 GHz (855 µm) and 685 GHz (438 µm) respectively. The added channels will operate at a non-

optimum design, on the �rst two arrays. The fact that the waveguide feeding the radiation into the

integrating cavity is too big for the highest frequencies means that modes higher than the fundamental

TE11 will propagate through the system.

The use of oversized components was �rst looked at some time ago, and there has been a revival of

interest recently. Nearly thirty years ago Taub et al. [1963] established the viability of using oversized

waveguides. In that work an oversized circular waveguide was shown to propagate a TE11 beam mode

without signi�cant attenuation over a long distance. Note that although the guide was oversized, it was

not overmoded. More recently, Crenn [1982,1985], and Belland & Crenn [1989] have considered the prob-

lem of an oversized and overmoded circular waveguide, in which a Gaussian beam is propagated through

the guide. Theirs is an analysis near the geometrical limit, which they term the �slightly di�racted� beam.

The renewed interest in the oversized waveguide has so far been restricted to the case of the very much

oversized waveguide.

This chapter is devoted to the investigation of the problem of a slightly oversized waveguide. In

analogy to Belland & Crenn's approach, this might be described as the �very di�racted� beam. Murphy

& Padman [1991] have calculated radiation pro�les for �few moded horns� (from tens of modes up to the

geometric limit) by �nding the far �eld radiation pattern using the Fraunhofer di�raction integral of the

basic modes. This is essentially the method of Ludwig [1966] with the waveguide modes as the �source

functions� (see Section 7.1). The approach to overmodedness taken in that paper is similar to this thesis

except where they use the Fräunhofer di�raction integral to generate the far�eld beam pro�le. Here,

this is done by Laguerre-Gauss beam expansion [Kogelnik & Li 1966]. Additionally, the present work

calculates aperture and beam e�ciencies.

Chapter Organization

Section 7.1 addresses the problem of synthesizing the �eld pro�le of the horn using cylindrical waveguide

modes for the source functions and Gaussian beam analysis to �nd the far-�eld pro�le. This is followed

in Section 7.2 with a discussion of horn e�ciencies. The aperture e�ciency is calculated using Gaussian

beam expansion to match the horn pro�le derived in Section 7.1 to the Airy pro�le of the image of a point

source. Gaussian beams are also used to compute the spillover e�ciency. The dependence of e�ciencies
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on horn length is the subject of Section 7.3 which also investigates the possibility of ohmic losses in these

long feedhorn devices. Finally, Section 7.4 discusses signal measurement, using a typical astronomical

source as an example.

7.1 Pro�le Synthesis

The far-�eld horn pro�le is determined using the method described by Ludwig [1966] in conjunction

with Gaussian beam analysis [Kogelnik & Li 1966]. The usual TEnm amd TMnm cylindrical waveguide

modes are considered the �source functions� which are then components of the far �eld pro�le. Laguerre-

Gaussian beam mode analysis is very useful for determining beam truncation and beam pro�le throughout

an optical train. For these reasons, Laguerre-Gauss beams are employed in this analysis instead of simply

Fourier transforming the horn �eld to get the far-�eld pro�le through a telescope.

The exact �eld distribution within the guide is a linear combination of the TEnm and TMnm �elds.

For a conical horn of small �are angle, the �eld at the horn mouth can be taken as the waveguide �eld

propagated as a spherical wave from the horn exit to the horn mouth. This gives the usual conical horn

approximation of

~Ehorn = ~Eguide exp(iπr2/λL)

=
∞∑
n

∞∑
m

Anm
~ETE

nm exp(ikr2/2L) +
∞∑
n

∞∑
m

Bnm
~ETM

nm exp(iπr2/λL)

(7.1)

where L is the axial length of the horn (see Figure 6.1). The ~Enm are referred to as the �source� functions

for generating the antenna beam pro�le [Ludwig 1966]. The Anm and Bnm are the Fourier coe�cients of

the �eld distribution in terms of the cylindrical waveguide modes, viz.

Anm =
〈
~Fs

∣∣∣∣ ~ETE
nm exp

(
−iπr

2

λL

)]
farfield

〉
(7.2a)

Bnm =
〈
~Fs

∣∣∣∣ ~ETM
nm exp

(
i
πr2

λL

)]
farfield

〉
(7.2b)

~Fs is the �eld of the emitting source in the far-�eld of the telescope. The far-�eld pro�le of Eq. 7.1 are
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determined by Laguerre-Gaussbeam expansion

Ψnm = 1√
π W

(
2r2

W 2

)n/2

Lnm

(
2r2

W 2

)

exp
(
− r2

W 2 + iπr2

λR + iΦ + inθ + 2πiz
λ

) (7.3a)

where the Laguerre polynomials are given by the generating function

Lnm(x) =
dn

dxn
L0 m+n, L0m = ex dm

dxm

(
e−xxm

)
, (7.3b)

which is the well known Rodrigues' formula.

W = W0

√
1 + (λz/πW 2

0 )2, (7.3c)

and

R = z
[
1 +

(
πW 2

0 /λz
)2]

. (7.3d)

W0 is the beam waist radius which occurs at the focus of the L-G beam (z = 0), and Φ is the phase

slippage, in addition to that of a spherical wave, relative to the fundamental L-G mode,

Φ = (2m+ n)Tan−1
(
zλ/πW 2

0

)
. (7.3e)

The functions are normalized such that the power in a Laguerre-Gauss beam mode is unity. That is,

1 =
∫ ∞

0

∫ 2π

0

rdθ dr 2Ψnm ·Ψ∗
nm

The best �t L-G beam occurs when R = L, and choosing W = 0.768a maximizes the power in the

fundamental L-G mode [Murphy 1988]. This is a convenient choice because it means that fewer L-G

modes are required to accurately describe the waveguide modes. The Bessel functions of the horn �elds

are now expressed as the summation of the L-G functions:

Jn−1

(
γnm

r

a

)
ei(n−1)θ+i πr2

λL =
∞∑

p=0

∞∑
q=0

CpqΨpq,
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from which it follows that

Cpq = 1√
πWPnmπa2

∫∞
0

∫ 2π

0
r dθ dr

(
2r2

W 2

)n/2

Lpq

(
2r2

W 2

)
Jn−1

(
γnm

r
a

)
× exp

(
− r2

W 2 − iπr2

λR + iπr2

λL + i(n−1)θ − ipθ
) (7.4)

The phase slippage (Eq. 7.3de) is contained within the Cpq. Clearly, from Eq. 7.4 the Cpq are trivial

unless p = n− 1. Similarly, the coe�cients of the n+ 1 terms in the horn �eld (Eq. 7.1) are determined.

The present analysis considers a feed to be �slightly� overmoded if a few of the cylindrical waveguide

modes propagate unattenuated through the waveguide. For example, the feeding waveguide has radius

ag, which, at a given frequency of radiation, supports the �rst three modes: the TE11, the TM01, and the

TE21. That is, the dimensionless frequency of radiation, γ = agω/c, is within the range 3.054 < γ < 3.832

(at which point the TE02 and TM11 modes propagate. See Table 6.1). Table 7.1 lists the �rst 21 L-G

coe�cients (Cn−1 m, Cn+1 m) for each the TE11, TM01, and the TE21 waveguide modes. The total power

in the �rst m modes up to 21 is also listed. Note that after 21 L-G modes 98.4% of the TE11 power is

included; over 100 modes would have to be summed before 99.5% of the power would be included [Murphy

1988] (see Figure 7.1). The aperture and spillover e�ciencies listed in Table 7.1 will be discussed in the

next section.

Table 7.1: Laguerre-Gauss Coe�cients and E�ciencies
TE11

m C0m P0m ηAp ηB C2m P2m ηB

0 0.93092 0.86662 0.70004 0.83743 0.22095 0.048819 0.032147
1 −0.00016319 0.86662 0.70001 0.83743 0.095791 0.057995 0.035396
2 −0.15625 0.89104 0.76961 0.84700 −0.016674 0.058273 0.035482
3 −0.078191 0.89715 0.75091 0.84886 −0.065197 0.062524 0.036768
4 0.014460 0.89736 0.75120 0.84892 −0.060891 0.066232 0.037704
5 0.058322 0.90076 0.74124 0.84982 −0.030233 0.067146 0.037902
6 0.055583 0.90385 0.75233 0.85051 0.0039529 0.067161 0.037905
7 0.027983 0.90463 0.74827 0.85068 0.028146 0.067954 0.038072
8 −0.0037052 0.90465 0.74807 0.85068 0.037652 0.069371 0.038353
9 −0.026542 0.90535 0.74721 0.85082 0.033882 0.070519 0.038558

10 −0.035721 0.90663 0.75055 0.85106 0.021389 0.070977 0.038634
11 −0.032304 0.90767 0.74666 0.85123 0.0054864 0.071007 0.038639
12 −0.020475 0.90809 0.74902 0.85130 −0.0092722 0.071093 0.038653
13 −0.0052673 0.90812 0.74857 0.85131 −0.019839 0.071487 0.038716
14 0.0089384 0.90820 0.74817 0.85132 −0.024824 0.072103 0.038810
15 0.019169 0.90857 0.74815 0.85138 −0.024270 0.072692 0.038895
16 0.024037 0.90914 0.74912 0.85146 −0.019241 0.073062 0.038946
17 0.023545 0.90970 0.74752 0.85154 −0.011361 0.073191 0.038963
18 0.018698 0.91005 0.74905 0.85158 −0.0023972 0.073197 0.038963
19 0.011056 0.91017 0.74814 0.85160 0.0060517 0.073233 0.038968
20 0.0023343 0.91017 0.74831 0.85160 0.012764 0.073396 0.038989
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Figure 7.1: The aperture and spillover e�ciencies computed are plotted against the number of
Laguerre-Gauss modes included in the sum (Eq. 7.10 and Eq. 7.11). Pm is the amount of power in-
cluded in the �rst m Laguerre-Gauss modes. Twenty modes is enough to get a reasonable estimate of
e�ciency. This example is for the case of the in�nite length horn (ϕ = 0) in the focal plane of the
telescope.
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TM01 TE21
m C1m P1m ηB C1m P1m ηB C3m P3m ηB

0 0.63775 0.40672 0.34657 0.86247 0.74385 0.63384 0.22916 0.52516 0.023088
1 0.12246 0.42172 0.35241 0.25556 0.80916 0.65926 0.17675 0.83756 0.034557
2 −0.11974 0.43605 0.35800 −0.073050 0.81449 0.66134 0.068877 0.88501 0.035785
3 −0.13845 0.45522 0.36371 −0.14359 0.83511 0.66748 −0.021223 0.88951 0.035898
4 −0.063283 0.45923 0.36471 −0.089137 0.84306 0.66948 −0.067628 0.93524 0.037047
5 0.017204 0.45952 0.36479 −0.0091024 0.84314 0.66950 −0.072405 0.98767 0.038223
6 0.063867 0.46360 0.36576 0.046965 0.84535 0.67002 −0.049955 0.10126 0.038708
7 0.071188 0.46867 0.36682 0.066016 0.84971 0.67093 −0.016718 0.10154 0.038760
8 0.050364 0.47121 0.36729 0.054843 0.85271 0.67150 0.014242 0.10174 0.038797
9 0.017211 0.47150 0.36735 0.027390 0.85346 0.67164 0.035146 0.10298 0.039022

10 −0.014682 0.47172 0.36739 −0.0028839 0.85347 0.67164 0.043279 0.10485 0.039346
11 −0.036741 0.47307 0.36763 −0.026549 0.85418 0.67176 0.039731 0.10643 0.039597
12 −0.045636 0.47515 0.36798 −0.039021 0.85570 0.67202 0.027843 0.10721 0.039713
13 −0.042167 0.47693 0.36825 −0.039846 0.85729 0.67226 0.011794 0.10735 0.039733
14 −0.029681 0.47781 0.36838 −0.031357 0.85827 0.67241 −0.0044648 0.10737 0.039736
15 −0.012565 0.47797 0.36840 −0.017265 0.85857 0.67245 −0.017868 0.10769 0.039782
16 0.0049342 0.47799 0.36841 −0.0014862 0.85857 0.67245 −0.026531 0.10839 0.039881
17 0.019464 0.47837 0.36846 0.012659 0.85873 0.67247 −0.029759 0.10927 0.040002
18 0.028922 0.47921 0.36858 0.022881 0.85925 0.67255 −0.027860 0.11005 0.040102
19 0.032490 0.48026 0.36872 0.028046 0.86004 0.67265 −0.021869 0.11053 0.040161
20 0.030457 0.48119 0.36883 0.028071 0.86083 0.67275 −0.013229 0.11070 0.040182

The Cnm are the coe�cients of the cylindrical beam modes to the Laguerre-Gauss
beam modes Ψnm. Pnm is the total power in the �rst m Gaussian modes. ηAp is
the aperture e�ciency when the �rst m Gaussian modes are considered; and ηB is
the beam (or spillover) e�ciency when the �rst m Gaussian modes are considered.
The total spillover of the TE11 mode when looking at an extended thermal source
is the sum of columns 5 and 8, ηB = 0.891. The spillover e�ciency of the TM01

mode is ηB = 0.738, and for the TE21 mode it is the sum of columns 7 and 10 of
the lower table, ηB = 0.713. These e�ciencies are for the case of an in�nite length
(�are angle of 0) horn: see also Figure 7.1.
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7.2 E�ciencies

7.2.1 Aperture E�ciency

The aperture e�ciency is the ability of the antenna to couple to a point source on the sky. A point source

at in�nity produces a plane wave at the telescope aperture and its �eld pro�le therefore has no azimuthal

(θ) dependence. Hence, only a feedhorn pro�le also having such a `symmetric' pro�le can couple to the

point source. Of the �rst three cylindrical wave modes (Table 6.1), only the TE11 can contribute to the

aperture e�ciency. The point source �eld is di�racted into the Airy pattern at the focal plane,

~Es =
J1(gr)
gr

x̂ , (7.5)

where J1 is the Bessel function of �rst order, g = π/Fλ, and F is the f/D ratio of the telescope (here

it is assumed to be a Gaussian Beam Telescope, wherein all lenses or mirrors are separated by the sum of

their focal lengths [Goldsmith 1982, Padman et al. 1987]). An ideal aperture e�ciency can be calculated

by coupling the point source �eld directly to the horn �eld. This results in the maximum possible aperture

e�ciency which would be attained with perfect optics. The Fourier coe�cients of Eq. 7.2 are then

A11 =
1

πa2PTE
11

∫ a

0

∫ 2π

0

r dθ dr
J1(gr)
gr

J0

(
1.841

r

a

)
(7.6)

The other coe�cients of the �rst few waveguide modes are nought because only the TE1m and TM1m

modes have a linearly polarized component to couple to the Airy pro�le, which is essentially a plane wave.

For an in�nitely long horn (i.e.no phase correction at the horn mouth) Eq. 7.6 is maximized at a = Fλ

for a coupling of A11 = 0.865 which gives the maximum possible aperture e�ciency of ηAp = 0.748 when

the horn is placed at the image of the focal plane (compare this to ηAp = 0.837 when the horn is in the

aperture plane [King 1950, Murphy 1988]).

For a practical horn, the focal plane does not occur at the horn mouth but at some distance within

the horn, so Eq. 7.5 is �rst expressed as a sum of Laguerre-Gaussbeams at the waist (z = 0). The

coe�cients of the Airy pro�le in terms of the Laguerre-Gaussbeams can be calculated directly by tak-

ing the inner product of the Airy and Laguerre-Gaussmodes, but it is simpler to exploit the fact that

Laguerre-Gaussmodes are unchanged by Fourier transformation except for a multiplicative term (−1)m

[Padman et al. 1987] where m is the degree of the Laguerre-Gaussmode, and note also that the beam

waist radius at the aperture plane is related to that of the focal plane by
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WAp = λf/πWF. (7.7)

f is the focal length of the lens or mirror in the Gaussian Beam Telescope [Padman et al. 1987]. The

integrals

αm =
(−1)m

π(Fλ/π)2

∫ 2π

0

∫ Fλ/π

0

rdθdr Ψ0m (7.8)

with the substitution of Eq. 7.7 in Eq. 7.3d are more easily evaluated than the focal plane integrals which

extend from 0 to in�nity in r. Once the αm have been determined, this Laguerre-Gaussbeam must be

propagated up to the horn mouth which is simply done by modi�ying the αm by the phase slippage that

occurs because the horn phase centre of radius occurs within the horn instead of at the horn mouth.

Equations 7.3dc and d can be inverted:

W0 = W
[
1 +

(
πW 2/λL

)2]− 1
2
, (7.9a)

z = R
[
1 +

(
λL/πW 2

)2]
. (7.9b)

Employing the orthogonality of the Laguerre-Gaussbeams, the coupling coe�cients of Eq. 7.2 are

then

A11 =
M∑

m=0

αmC0m, (7.10)

and the aperture e�ciency is ηA = A2
11. Table 7.1 lists the aperture e�ciency for the case of the in�nite

length horn, and Column 2 of Table 7.2 lists the αm. Enough Laguerre-Gaussmodes must be included

in the sum (M in Eq. 7.10) to get an accurate calculation of the aperture e�ciency. After about 20

modes the result changes only in the fourth decimal place (the value after 100 modes is ηA = 0.7483, see

Figure 7.1.)

An example is given here which corresponds to the 855 µm feedhorn of SCUBA which has an axial

length of 31 mm. In this case the telescope beam is f/4 (after re-imaging the f/12 beam of the JCMT).

The horn mouth radius am = 0.985Fλ at λ = 852 µm is less than the optimum am = Fλ to allow

for the horn wall thickness of ∼50 µm and to ensure that the horn centres are 2Fλ apart (the Nyquist

sampling rate is Fλ/2 so the horns are an integer number of �Nyquist� units apart). The feed is single

moded at 852 µm and has Laguerre-Gaussbeam width at the horn mouth of W = 0.768a = 2.58 mm;

the waist is W0 = 0.602a = 2.02 mm which occurs at z = 3.55a = 11.9 mm behind the horn mouth; the
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phase slippage is Φ = 0.669(2m+ n)radians. This gives an aperture e�ciency of ηA = 0.677.

When the same feed is used at the window centred at λ = 740 mm then the horn mouth radius is

am = 1.14Fλ; the beam width at the horn mouth is the same W = 0.768a = 2.51 mm; but the waist is

now W0 = 0.568a = 1.91 mm at z = 4.19a = 14.1 mm behind the horn mouth, and the phase slippage is

Φ = 0.739(2m+ n)radians. The aperture e�ciency in this case is ηA = 0.664. This system can still be

considered single moded because the rather long waveguide of 2 mm attenuates the TM01 mode down to

about 10−2 in power.

At the higher frequency of 481 GHz (623 µm) the same feed gives an aperture e�ciency of 0.633,

but both the TE11 and the TM01 waveguide modes will propagate. There are two sources of loss in a

non-optimized system. The aperture e�ciency is reduced because the horn mouth is too large, and if it

is overmoded, then the background loading is increased signi�cantly which degrades the signal-to-noise

of the device. This second e�ect is discussed in section 7.5.

Table 7.2: Laguerre-Gauss � Airy Coupling, and Beam E�ciencies
m Ψ0m − Airy ηB

αm Ψ0m Ψ1m Ψ2m Ψ3m

0 0.89877 0.96632 0.85212 0.65849 0.43964
1 0.10264 0.57907 0.38919 0.35410 0.36713
2 −0.25987 0.39179 0.39002 0.30666 0.25879
3 0.13714 0.30459 0.29772 0.30263 0.25049
4 0.011770 0.30402 0.25116 0.25245 0.25131
5 −0.098824 0.26439 0.25087 0.21651 0.22416
6 0.11543 0.22300 0.23780 0.21162 0.19471
7 −0.083778 0.21133 0.20904 0.21097 0.18323
8 0.031666 0.21124 0.18835 0.19796 0.18390
9 0.018706 0.20181 0.18319 0.17886 0.18231

10 −0.054093 0.18375 0.18323 0.16562 0.17267
11 0.069610 0.16851 0.17799 0.16169 0.15928
12 −0.066508 0.16219 0.16647 0.16194 0.14903
13 0.049638 0.16173 0.15438 0.15989 0.14487
14 −0.025242 0.16062 0.14690 0.15322 0.14476
15 −0.00065582 0.15523 0.14469 0.14410 0.14464
16 0.023238 0.14661 0.14472 0.13626 0.14171
17 −0.039341 0.13823 0.14341 0.13195 0.13585
18 0.047505 0.13289 0.13916 0.13087 0.12898
19 −0.047750 0.13100 0.13279 0.13097 0.12338
20 0.041211 0.13090 0.12643 0.13006 0.12030

The �rst 21 Laguerre-Gausscoe�cients of the Airy �eld pattern are listed for the
case of the in�nite length horn. (The waist, W0 = 0.768a = 0.768Fλ, occurs at the
horn mouth.) The spillover e�ciencies in columns 3 to 6 are those associated with
each Laguerre-Gaussbeam with W = 0.768a
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7.2.2 Spillover

The beam e�ciency in a Cassegrain telescope is de�ned as the fraction of power in the antenna beam

which intercepts the image of an extended source through the telescope aperture. A source is considered

to be extended if its angular extent exceeds the beam size of the telescope. The fraction of power which

does not see the source on the sky �spills over� the telescope secondary mirror and looks at the entire

sky surrounding the telescope beam. For this reason, the beam e�ciency as de�ned here is often termed

�spill over e�ciency� in radio astronomy [Christiansen & Högbom 1985]:

ηB =
M∑

m=0

C2
n−1m

πb2

∫ b

0

∫ 2π

0

r dθ dr |Ψn−1m|2

+
M∑

m=0

C2
n+1m

πb2

∫ b

0

∫ 2π

0

r dθ dr |Ψn+1m|2 .

(7.11)

where b is the radius of the image of the secondary mirror (the aperture plane).

The Cnm are the coe�cients of the Laguerre-Gaussfunctions, and M is the total number of

Laguerre-Gauss modes which are considered in the sum to approximate the �eld pro�le through the

optical train, and n is the order of the cylindrical beam mode (Eqs. A.4a to d) supported in the feed.

The �nal four columns of Table 7.2 list the beam e�ciencies associated with each Laguerre-Gaussmode

(i.e.the integrals of Eq. 7.11) for the case of the in�nite length horn. Finally, performing the summa-

tion of Eq. 7.11, the beam e�ciency for each mode is calculated (see columns 5 and 8 of Table 7.1a,

and columns 4, 7, and 10 of Table 7.1b). The overall spillover e�ciency of the feedhorn depends on

the number of waveguide modes propagating through the system, and on the nature of the signal to be

measured (see Section 7.4). For the SCUBA feedhorn system, the spillover e�ciency when it is single

moded (λ = 852 µm,ν = 352 GHz) is ηB = 0.742. The spillover in the higher frequency window (423 GHz,

740 µm) is 0.789. The spillover associated with each waveguide mode in the overmoded feed (481 GHz,

623 µm) is 0.832 and 0.607 for the TE11 and TM01 respectively.
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Figure 7.2: The aperture e�ciencies of three conical horns in the telescope focal plane are compared.
Each is assumed to be fed by a single moded waveguide when the horn has maximum aperture e�ciency
(am = Fλ when γ = agω/c = 1.9 in all three cases). The three horns are the in�nite horn (ϕ = 0◦), and
the two SCUBA horns discussed in the text (ϕ = 3.27◦ and ϕ = 6.18◦).



Analysis of a Conical Horn fed by an Oversized Waveguide 107

Figure 7.3: The spillover e�ciencies of three conical horns in the telescope focal plane are compared.
Each is assumed to be fed by a single moded waveguide when the horn has maximum aperture e�ciency
(am = Fλ when γ = agω/c = 1.9 in all three cases). The three horns are the in�nite horn (ϕ = 0◦), and
the two SCUBA horns discussed in the text (ϕ = 3.27◦ and ϕ = 6.18◦).
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7.3 Choosing the Horn Length

The length of the feedhorn is limited by space available in the SCUBA cryostat (40 mm), but the criterion

of high aperture e�ciency demands a long horn. Also, ohmic losses should be considered in a feed system

with such long components since this could become a constraining factor. This Section addresses these

two considerations for horn length showing in Section 7.3.1 that greater than ∼30 mm length, aperture

e�ciency doesn't improve signi�cantly, and in Section 7.3.2 ohmic losses are shown to be most important

in the waveguide itself, with the overall power loss being negligible.

7.3.1 E�ciency Dependence on Horn Length

The analysis so far has assumed the horns are of length L = 31 mm. Originally the SCUBA project

proposed 40 mm length horns in order to have high aperture e�ciencies [Gear et al. 1986 �The Blue

Book�]. As it turns out, a minimum permitted aperture e�ciency of 65% allows the horns to be shorter

than 40mm.

The following �gures show the dependence of aperture e�ciency and spillover e�ciency on horn

length for the 855 µm horn which has mouth radius am = 3.35 mm (less than the optimum am = Fλ

because of the �nite horn wall thickness), and the same horn at 700 µm and 600 µm. If a minimum

standard of ηAp = 0.65 at 855 µm is set then a horn length L = 23.4 mm is required. For ηAp = 0.70, we

need L = 32.0 mm. The corresponding spillover e�ciencies are ηB = 0.69 andηB = 0.77 respectively.

The horn length is related to the semi-�are angle ϕ by

L855 =
am − ae

tanϕ
=

3.08
tanϕ

mm.
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Figure 7.4: a) The solid and dashed lines are the aperture and spillover e�ciency of the 855 µm feedhorn.
b) As in (a) but when the horn feeds 700 µm radiation. c)When the same system feeds 600 µm radiation,
then both the TE11 and the TM01 waveguide modes propagate unattenuated. The advantage of a 40 mm
length horn over a 30 mm one in all three cases is very small.
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Figure 7.5: a) The solid and dashed lines are the aperture and spillover e�ciency of the 438 µm feedhorn.
b) As in (a) but when the horn feeds 350 µm radiation. In this case both the TE11 and the TM01

waveguide modes propagate unattenuated. The advantage of a 40 mm length horn over a 30 mm one is
very small.
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7.3.2 Ohmic Losses

The philosophy of having high aperture e�ciency radiators has the consequence that the horns must

be very long and are possibly prone to ohmic loss. When waveguides/horns are bounded by material

with a �nite conductivity, the �elds in the walls are not zero at the boundary, but they drop o� to zero

exponentially within the wall. Non-zero �elds in the walls imply power �ow normal to the guide/horn

axis and the amount of power lost to this ohmic loss increases exponentially with the length of the device.

Another way to understand ohmic loss is within the particle model of light; the radiation is not perfectly

`re�ected' by the horn walls.

In order to calculate the amount of power dissipated into the horn walls, Maxwell's equations need to

be solved, this time including the electrical conductivity term and the fact that the boundary conditions

are non-trivial. This becomes rather complex, but for walls that have �nite, but very large conductivity

it is possible to get a satisfactory approximation by `perturbing' the ideal case, following the method

described in Jackson [1975] chapter 8.

At the surface between two media the well known boundary conditions impose the restriction that

the normal component of the magnetic �eld, and the tangential component of the electric �eld are con-

tinuous across the boundary. Fields within a perfect conductor are identically zero and solving Maxwell's

equations within a circular waveguide (for example) yields the familiar Bessel function radial dependence,

with the dimensionless cut o� frequency of 1.84118 for the TE11 mode. If this is used as the starting

point for the case of �nite conductivity, the boundary conditions on the magnetic �eld are now

n̂ ·
(
~H − ~Hc

)
= 0,

where ~Hc is the magnetic �eld within the conductor which is non-zero, and n̂ is the normal to the

boundary. The �rst approximation assumes that the tangential electric �eld on the surface is zero while

the normal magnetic �eld is not. The displacement current in this region where the �elds are dropping to

zero over a �nite distance is neglected, which is a recognition that the ohmic current J = σE dominates

the process. Maxwell's curl equations then take the following form:

~∇× ~E = iωµ ~H, (7.12a)

~∇× ~H ' σ ~E. (7.12b)
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Changes parallel to the boundary are small, and all the �eld attenuation occurs over the normal

direction, so the ~∇ operator can be replaced by a derivative along the normal to the boundary. viz.

~∇ −→ n̂
∂

∂ξ
.

After the usual manipulations of Eqs. 7.12, and implementing the no-magnetic monopoles stipulation

(~∇ · H̃ = 0) the H̃ �eld in the conductor is derived.

∂2

∂ξ2

(
n̂× ~H

)
= − i

δ2

(
n̂× ~H

)
,

to which the solution is

~Hc = n̂× H̃ = H̃‖e
−ξ/δ eiξ/δ. (7.13)

The skin depth

δ =
√

2/(µωσ) (7.14)

is the distance required for the Ẽ or H̃ �eld to drop to e−1 of its value at the boundary.

Notice that the �eld in the conductor is given in terms of the tangential component of the H̃ �eld

at the boundary. Thus, the �elds that are given by the solution to Maxwell's equations bounded by a

perfect conductor can be corrected by Eq. 7.13. Going back to Maxwell's equations in the guide/horn,

the tangential Ẽ �eld at the surface can now be corrected by the normal H̃ �eld given by Eq. 7.13

~Ec =
1
σ
~∇× ~Hc =

(−1 + i)
σδ

(
n̂×

(
n̂× ~Hc

))
e−ξ/δeiξ/δ (7.15)

The ohmic loss which is the power �ow into the wall, at the wall surface (ξ = 0) is given by the

Poynting vector
dP

dA
= <

{
n̂ · 1

2
~Ec × ~H∗

c

}
=

1
2σδ

∣∣∣H̃‖

∣∣∣2 . (7.16a)

Equation 7.16aa is the ohmic loss per area of wall, and for a waveguide device, the wall area is related to

the axial coordinate z as follows:

dP

dz
=
∮
adθ <

{
n̂ · 1

2
~Ec × ~H∗

c

}
=

1
2σδ

∮
adθ

∣∣∣H̃‖

∣∣∣2 . (7.16b)
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It now remains to determine the ohmic loss along the guide/horn. For a guide of constant cross

section (i.e.not a horn) the attenuation of power �ow is simply given by the imaginary part of the

wavenumber in the guide,

P = P0e
−2k= z.

from which it follows that

k= = − 1
2P

dP

dz
,

and for a circular waveguide, incorporating the result of Eq. 7.16ab

k= =
1

2σδPnm

[(
k0a

γnm

)2

J2
n+1(γnm) + J2

n(γnm)

]
(7.17a)

Pnm =
k0ωa

2

8γnm
2

∫ ∫
A

rdθ dr
[
J2

n−1

(
γnm

r

a

)
+ J2

n+1

(
γnm

r

a

)]
(7.17b)

Equation 7.17a is derived from the magnitude of the tangential component of the H̃ �eld at the guide

wall, and Eq. 7.17b is the power �ow along the horn axis. All quantities on the right hand side of Eqs. 7.17

are the perfect conductor values, so that k0 is given by

k0 = (2π/λ)
√

1− (γnm/γ)2.

The attenuation parameter k= derived above is valid at any point along the device, so the power loss can

be generalized to horns as in the last section

P = P0 exp
(∫ ze

zm

−2k= dz
)
.

The results show that ohmic losses are negligible. In fact the waveguide length can be increased by

a factor of ten without any signi�cant consequences. The conductivity for gold used here is the value for

99.999% gold at 1K: σ'5 Gf [Matula 1979]. Conductivity increases with decreasing temperature, but

if there are impurities, in particular iron, then the conductivity will decrease as temperature decreases.
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Figure 7.6: Ohmic losses in the 438 µm horn. a) The imaginary part of the wavenumber in the horn in-
creases as the horn narrows to the exit. b) The power loss is related to the integral under the wavenumber
curve. For gold with conductivity ∼5 Gf, the ohmic loss is negligible.
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Figure 7.7: Ohmic losses in the 855 µm horn. a) The imaginary part of the wavenumber in the horn in-
creases as the horn narrows to the exit. b) The power loss is related to the integral under the wavenumber
curve. For gold with conductivity ∼5 Gf, the ohmic loss is negligible.
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7.4 Signal Measurement

In order to compute the signal coupled to the antenna by a particular source the spillover and the

atmosphere transmission T must be considered, as well as the aperture e�ciency if it is a point source.

Tmeas = T (η′BηApT
′
s + ηBTs) + (1− T )ηBTatm + (1− ηB)Tatm

= T (η′BηApT
′
s + ηBTs) + (1− T ηB)Tatm (7.18)

where Tmeas and Tatm are the equivalent Rayleigh-Jeans temperatures which is measured by the antenna,

and emitted by the atmosphere respectively. T ′s and Ts are the temperatures emitted by the point source

and an extended thermal source within the telescope beam. In the �rst term of Eq. 7.18 the spillover

η′B is that associated with the part of the horn pro�le which couples to a point source (e.g.column 6 of

Table 7.1a for the in�nite length horn).

An overmoded feed is most damaging to antenna e�ciency because of increased background thermal

loading. The Earth's atmosphere and any other black body or near black body source is an emission of

random polarized radiation. Instantaneously, the antenna sees, on the average, radiation of any given

polarization so each of the supported waveguide modes can couple to equal amounts of power. The

spillover in this case is simply the average of those of the modes which propagate in the feed. For

the 855 µm feedhorn ηB = 0.742, and when it supports the �rst two waveguide modes (λ = 623 µm),

ηB = (0.832 + 0.607)/2 = 0.72. The point source spillover is η′B = 0.725 for the aperture e�ciency opti-

mized horn (855 µm) and η′B = 0.803 in the overmoded case (481 GHz, 623 µm).

A typical calibrating source used from the JCMT might be Jupiter which emits as a point source

black body of temperature ∼150 K. The Earth's atmosphere is at ∼275 K with transmission T '0.40 at

λ = 623 µm. The �rst term of Eq. 7.18 gives the source signal measured by the antenna:

0.40× 0.803× 0.633× 150 K '30 K, and the rest gives the background loading:

(1− 0.40× 0.72)× 275 K '196 K. So in a given time t, the detector measures ∼226 K of which .13%

is signal from Jupiter, and &87% is background loading.

If the feed used was optimized for this frequency (481 GHz, 623 µm), it would be a single moded

device with aperture e�ciency of 0.71, spillover e�ciency of 0.80, and point source spillover of 0.77. The

source signal is now 0.40× 0.77× 0.71× 150 K '33 K, and the background loading is

(1− 0.70× 0.80)× 275 K '121 K. So in this single moded case, Jupiter accounts for ∼27% of the

�ux entering the detector. Comparing the two cases, (27%/13%)2 =∼4, implies that the integration time
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on the calibrating source Jupiter (the time required to obtain a given level of detection) is about 4 times

longer if the feedhorn supports two waveguide modes.

7.5 Discussion

A further observational ability is added to the receiver when the single mode criteria is sacri�ced and a

�lter drum allows the array to image radiation at its optimized frequency, or at a higher, and possibly

overmoded, frequency. The �ux from astronomical sources will be measured by SCUBA in �ve wavebands:

350 GHz (855 µm), 428 GHz (700 µm), 481 GHz (628 µm), 685 GHz (438 µm), and 857 GHz (350 µm).

The two bolometer arrays mounted in the instrument are designed to operate with optimum e�ciency at

438 µm and 855 µm. At the shorter wavelengths the arrays consist of non-optimized feeds and one must

consider the higher order beam modes which are then permitted to propagate in the system.

E�ciencies in the Cassegrain telescope were computed using Gaussian Beam Analysis after �rst deter-

mining the horn Ẽ �eld pro�le using the cylindrical waveguide modes as the �source� functions. The aper-

ture e�ciency (point source e�ciency) and the beam e�ciency (spillover e�ciency) were both considered.

The Chapter also displayed the dependence of e�ciency estimates on the number of Laguerre-Gaussmodes

used in the pro�le synthesis, as well as the e�ciency changes with the number of propagating waveguide

modes.

A particular case of the detection of Jupiter as a calibrating source was discussed. The analysis shows

that the 855 µm array receiving 600 µm radiation su�ers a 5% reduction in aperture e�ciency from 68%

to 63%, and a 2% loss in beam e�ciency from 74% to 72%. This last dominates the reduction in feedhorn

performance since the background is normally brighter than the source, and a reduction in spillover

e�ciency implies increased background loading, in addition to the fact that only one of the propagating

modes is coupling to the point source. In terms of integration times for the example of Jupiter, this means

that the telescope must look at a point source for roughly four times the duration when the receiver is

overmoded at 600 µm than it would if the antenna feed was optimized at that frequency. For source

�uxes which are signi�cantly fainter than that of Jupiter (as most interesting objects are), this di�erence

between single and overmoded optics will become more severe as the background dominates more and

more.

Ohmic losses that might occur along such a long guide were considered, and shown to be negligible.

The very high expected electrical conductivity of gold at cryogenic temperatures means that the device

walls are su�ciently close to a perfect conductor for guided propagation to travel over large distances
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unmolested. Substantial power dissipation into the horn walls could only have been controlled by reducing

the horn length which would then imply large �are angle horns, and re-introduction of the waveguide into

the 438 µm feed. There would then be a substantial loss in aperture e�ciency, and in manufacturability.

It is therefore very important that ohmic losses can safely be disregarded.

Overall, overmoded optics do reduce aperture e�ciency as expected. Nonetheless, this may be

an acceptable price to pay when a �quick & dirty� scheme for increasing the number of channels is

desired on a receiver. In the case of the Submillimetre Common User Bolometer Array, this means the

700 µm, 600 µm and 350 µm channels can be added to the instrument without manufacturing an array

of bolometers dedicated to that frequency, and it will operate satisfactorily.



Chapter 8

The SCUBA Integrating Cavity

When the �rst bolometer experiments were performed at Queen Mary College (now Queen Mary and

West�eld College), the measured power falling on the bolometer was enormously less than expected

[Holland 1990]. A number of causes were suspected, one of which was vignetting of the beam as it came

through the cryostat windows and subsequent ba�es, and this is the one which was eventually proven

the culprit. However, a possibility which would have had dire consequences was that radiation was being

re�ected at the interface between the waveguide and the integrating cavity, or that a standing wave set-up

in the resonant cavity implied an acute dependence on bolometer position within the cavity. This is what

motivated the analysis presented in this Chapter.

Discontinuities in waveguide lines and networks commonly occur in microwave systems and the

analysis of these structures are usually treated using the equivalent circuit [see e.g.Marcuvitz 1986].

Often such devices are ports with T-junctions, or L-junctions or other geometries where the feeding guide

and the output guides all support the same single waveguide mode. Alternatively, the output guide might

be slightly larger, but still supporting only the fundamental mode (TE11 for the case of the cylindrical

waveguide). These problems are addressed by Marcuvitz.

For the case of a junction between two guides of signi�cantly di�erent cross sections, and when

it is desired to have the �eld speci�cation in the receiving guide, one must do a scattering analysis.

Fortunately, the problem presented here is fairly straightforward since both guides are circular, and they

share the same axial symmetry. The TE11 waveguide mode is scattered at the junction into an expanded

TE11 and higher order TE1m in the integrating cavity.

An important di�erence between the analysis presented in this Chapter, and a previous investigation

119
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of bolometer absorptivity [Peterson & Goldman 1988], is that the high order modes are considered. The

entire waveguide-cavity system can be modelled as an equivalent transmission line problem, but this

assumes that the radiation is always TE11 on both sides of the junction. One result obtained by this

Chapter is that perfect tuning of a bolometer integrating cavity is not possible because of the numerous

wave modes in the cavity.

The absorption e�ciency is de�ned here as the proportion of power in the integrating cavity which

is absorbed by the bolometer on the �rst pass. The analysis consists of impedance matching wherein the

intrinsic impedance of a wave mode (Zch = E/H) is matched to that of the cavity such that no re�ection

occurs. This implies a standing wave has been set up in the cavity with maximum amplitude at the

bolometer position, and all of this gets absorbed by the bolometer.

For single moded optics where the single moded nature of the radiation is preserved from one side

of the junction to the other, one can readily achieve the perfectly tuned cavity, though great precision in

the properties and dimensions of components is required. A resonant cavity which is tuned to the TE11

mode at a given frequency is generally not tuned to the TE11 at a higher frequency, nor to higher order

modes. This Chapter looks at this out-of-tune situation.

Chapter Organization

In the following Section, the scattering matrix is derived to compute the proportion of power in each mode

which propagates on the cavity side of the junction. The results of Section 8.1 are used in Section 8.2

to �nd the �rst pass absorptivity of radiation on the bolometer using the equivalent transmission line

problem.

8.1 Re�ections from the Integrating Cavity

From the feedhorn, the incident radiation went through a waveguide designed to be single moded at

855 µm or 438 µm and past a step-junction into the integrating cavity. Figure 8.1 is a representation of

the step-junction between the waveguide and the integrating cavity. The incident TE11 mode propagates

from the left hand side, and is scattered at the junction into higher order re�ected and transmitted modes:

The incident mode being partially re�ected but mostly transmitted. These are guided in the integrating

cavity to the bolometer. The re�ected wave is such that the Poynting vector is in the opposite direction

of the incident wave, i.e.re�ected wave = Γnm

(
Ẽ
∗
nm , −H̃

∗
nm

)
.
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At this point, the analysis ignores the bolometer and considers both sides of the junction to be

perfectly conducting, in�nite cylinders. The azimuthal and time dependence of the modes is everywhere

exp(inθ− iωt). The incident mode is considered to have unit power. Equating the �elds at the boundary

between the cylinder on the left (denoted by superscript g) and on the right (superscript c) yields the

following:

Ẽ
(g)

11 +
∑

p

∑
q

ΓpqẼ
(g)∗
pq =

∑
p

∑
q

TpqẼ
(c)

pq (8.1a)

H̃
(g)

11 −
∑

p

∑
q

ΓpqH̃
(g)∗
pq =

∑
p

∑
q

TpqH̃
(c)

pq (8.1b)

The re�ection, and transmission coe�cients of the (nm)th beam mode can be obtained by taking the

inner product with the beam modes Ẽ
(g)

nm and H̃
(g)

nm. The junction is considered to be at z = 0 without

loss of generality.

(
ωk

(c)∗
nm a2

g

4µγ2
nm

)
[δ1nδ1m + Γnm(Pnm − 2Inm)] =

∑
p

∑
q

〈
TpqẼ

(c)

pq

∣∣∣ H̃(g)

nm

〉
(8.2a)

(
ωk

(c)∗
nm a2

g

4µγ2
nm

)
[δ1nδ1m − Γnm(Pnm − 2Inm)] =

∑
p

∑
q

〈
Ẽ

(g)

nm

∣∣∣ TpqH̃
(c)

pq

〉
(8.2b)

It should be noted that a beam mode can only be scattered to higher modes with identical azimuthal

dependance; the inner products in Eqs. 8.2 will vanish otherwise. One can solve for the transmission

coe�cients:

2

(
ωk

(c)∗
nm a2

g

4µγ2
nm

)
δ1m =

∑
q

T1q

[〈
Ẽ

(c)

1q

∣∣∣ H̃(g)

1m

〉
+
〈
Ẽ

(g)

1m

∣∣∣ H̃(c)

1q

〉]
(8.3)

Equation 8.3 is a matrix equation solveable for the transmission coe�cients of the scattered modes.

The dimensionless frequency γ determines the modes which propagate in the guide and the cavity:

γ = 2πa/λ. For the free-space wavelength λ = 855 µm, γg = 1.95 in the waveguide and γc = 12.936 in

the integrating cavity. Hence in the waveguide only the TE11 mode propagates and in the cavity the four

modes up to TE14 propagate: the higher modes being evanescent (see Table 8.1). Solutions to Eq. 8.3

are given in the second column of Table 8.1.

The inner products of the waveguide modes are written out explicitly:

〈
Ẽ

(g)

nm

∣∣∣ H̃(g)∗
pq

〉
= δnpδmq

(
ωk

(c)∗
nm a2

g

4µγ2
nm

)
[Pnm − 2Inm] (8.4a)
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Table 8.1: Scattering and Absorption of the TE Modes
Mode γnm Power fraction Impedance in Impedance in Absorbed Power

in cavity |T1q|2 cavity crystal 1− |R1q|2

TE11 1.84118 0.008 0.9898Z0 0.3243Z0 0.594
TE12 5.33144 0.315 0.9111Z0 0.2985Z0 0.896
TE13 8.53632 0.485 0.7514Z0 0.2462Z0 0.027
TE14 11.70600 0.121 0.4256Z0 0.1344Z0 0.551
TE15 14.86359 0.017 - - -

totals - 0.989 - - 0.484

〈
Ẽ

(g)∗
pq

∣∣∣ H̃(g)

nm

〉
= δnpδmq

(
ωk

(c)∗
nm a2

g

4µγ2
nm

)
[Pnm − 2Inm] (8.4b)

〈
Ẽ

(c)

pq

∣∣∣ H̃(g)

nm

〉
= δnp

(
ωk

(g)∗
nm acag

4µγpqγnm

)
IIn

mq (8.4c)

〈
Ẽ

(g)

nm

∣∣∣ H̃(c)

pq

〉
= δnp

(
ωk

(c)∗
pq acag

4µγpqγnm

)
IIn

mq (8.4d)

where,

Inm =
∫ 1

0

ρ dρ
[
J ′n

2 (γnmρ)
]

(8.4e)

IIn
mq =

∫ 1

0

ρ dρ

[
Jn−1 (γnmρ) Jn−1

(
γnq

ag

ac
ρ

)
+ Jn+1 (γnmρ) Jn+1

(
γnq

ag

ac
ρ

)]
(8.4f)

8.2 Absorption in the Integrating Cavity

Guided waves can be modelled by an equivalent transmission line problem [Marcuvitz 1986, Lesurf 1990]

which is the procedure followed by Peterson & Goldman [1988]. In their calculation, the absorbing �lm

within the rectangular cavity is partitioned into 2n strips and considered to be a transmission line with

2n components (n→∞). Here, however, the overall impedance of the absorbing �lm is considered to be

a known quantity, equal to the value required for matching the TE11 mode.

A `Twin Feeder' transmission line, as in Figure 8.2, consists of two parallel wires, at one end an input

voltage signal is generated of the following form:

V = V0e−iωt (8.5)

The result can be considered as a guided wave and everywhere along the transmission line the voltage
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between the wires is the following:

V = V0ei(kz−ωt) (8.6)

The current in the wire is determined by Ohm's Law:

I =
V

Zch
(8.7)

Zch is the characteristic impedance determined by the wire diameter and material. When modelling a

waveguide as a transmission line, Zch is the characteristic impedance of the guide:

Zch = Z0

[
1−

(
γnm

γc

)2
]− 1

2

for TEnm modes (8.8a)

Zch = Z0

[
1−

(
γnm

γc

)2
] 1

2

for TMnm modes (8.8b)

and in the crystal substrate of refractive index nr:

Zb =
Zch

nr
(8.9)

If the transmission line is terminated by some impedance Zt, then a fraction of the signal power is

absorbed by the termination, and the rest is re�ected back along the transmission line. The re�ected

mode will be an opposite propagating wave:

Vr = RV0 ei(−kz−ωt) (8.10)

where R is the re�ection coe�cient. The current in the transmission line associated with the re�ection

will be in the opposite direction to the generated signal:

Ir = − Vr

Zch
. (8.11)

The voltage and current across the termination is the sum of the incident and re�ected signals:

Vt = Vi + Vr (8.12a)
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It = Ii + Ir (8.12b)

Substituting Eqs. 8.10 and 8.11 into Eqs. 8.12 results in an expression for the re�ection coe�cient:

R =
Zt −Zch

Zt + Zch
e2ikz (8.13)

Some cases of particular interest are when the terminating impedance is nought, very large, or equal

to the characteristic impedance. In the �rst case all of the incident signal is re�ected and returns with

a phase di�erence of π/2. If the terminating impedance is in�nitely large, or the transmission line is

in�nitely long, then again all of the incident signal is re�ected and returns in phase with the incident.

In the �nal case, the termination is well matched; Zt = Zch and there is no re�ected wave, which is the

desired situation.

A �nal concept required is the equivalent impedance of a transmission line. The entire line can be

simulated by some e�ective impedance at the signal generator, simply by employing Ohm's Law:

Zeff =
Vi + Vr

Ii + Ir

= Zc

(
1 +R
1−R

)
.

(8.14)

Figure 8.3a shows the integrating cavity of the SCUBA feed and Figure 8.3b is the equivalent

transmission line. In order to �nd the re�ectivity of the bolometer, the analysis is done in two stages.

Firstly, the region between the �lm and the backshort is replaced by an e�ective impedance in parallel

with the �lm impedance:
1

Z feff

=
1
Zf

+
i

Zch tan(k1l1)
. (8.15)

Secondly, the region �lled by the crystal is replaced by an e�ective impedance at the crystal-cavity

interface (region 2 to region b in Figure 8.3a):

Zbeff = Zb

[
Z feff − iZb tan(kblb)
−Z feff tan(kblb) + Zb

]
. (8.16)

Finally, we have the re�ectivity of the integrating cavity:

R =
Zbeff −Zch

Zbeff + Zch
e2ikcl2 . (8.17)
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The power in the re�ected modes is simply the square of the magnitude of the re�ection coe�cient. Note

that re�ectivity of each mode is di�erent, as the characteristic impedance of the cavity and crystal depend

on the mode considered. For the TE11 at the tuned frequency, the dimensions of cavity components, in

particular Zf and l1, are chosen such that R = 0.

8.3 Discussion

The �nal consideration for the SCUBA feedhorn design was the behaviour of radiation inside the inte-

grating cavity where it meets the bolometer. This was motivated by initial experiments which showed a

very low absorbing e�ciency. Although the cause of the poor performance was eventually found to be

beam vignetting, still this analysis provided an understanding to the workings of the integrating cavity.

Firstly it was shown that while the incoming radiation is scattered at the junction between guide

and cavity, still most of it gets through to the cavity in some form, and very little (.1%) is re�ected

back into the horn. This prediction was veri�ed by later experiments carried out at Queen Mary and

West�eld College.

Within the cavity, the ��rst pass� absorption is modelled as a twinfeeder transmission line problem.

Care was taken to include all the modes which exist within the cavity. It is impossible to get close to

100% absorption on the �rst pass since the various wavemodes require the bolometer to be at di�erent

positions for 100% absorption. This would not be the case in a single moded integrating cavity.

Multiple re�ections rescue the situation by allowing the bolometer several passes from the radiation,

and eventually it is all absorbed. This can be seen as a consequence of the high conductivity of the gold

plated integrating cavity; the walls very nearly perfectly re�ect the radiation. Therefore, whether the

cavity is single moded, or multimoded, it still operates well.

The proposed solution to low bolometer absorption would have been a tapered entrance into the

cavity to prevent scattering at the junction, and then an integrating cavity designed speci�cally to match

the TE11 wavemode. Positioning the bolometer within the cavity would then be critical to within 0.1 mm:

a very di�cult task. The lab work performed concurrently at QMW demonstrated that bolometer

absorption is very high, but the analysis presented here was undertaken to modify the feedhorn design

in case re�ections in the cavity did not occur with enough multiplicity.
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Figure 8.1: The waveguide leads abruptly into the integrating cavity and the TE11 waveguide mode from
the left-hand-side is scattered through the junction into an expanded TE11 mode and higher degree TE1m

modes.
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Figure 8.2: A twin feeder transmission line fed by a voltage V at one end and terminated by an impedance
Zt.
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Figure 8.3: a) The integrating cavity set-up. In Feed I, λ = 855 µm or 700 µm, l1 = 3.66mm,
Zf = 370.0Ω. In Feed II, λ = 438 µm or 350 µm, l1 = 3.60mm, Zf = 369.0Ω. In both cases lb = 30 µm
and the sapphire refractive index is 3.052. b) The equivalent transmission line.
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Figure 8.4: a) The ��rst pass� absorptivity of the TE11 mode to the bolometer with the backshort at
positions between 3 mm and 4 mm from the �lm and with 855 µm incident radiation. b) The total
absorptivity for the sum of the modes that were scattered into the cavity. As can be seen, the worst case
and best case in this 1 mm interval is ∼40% and ∼90% respectively.
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Chapter 9

Summary

Throughout this thesis, a strong emphasis has been placed on the Submillimetre Common User Bolometer

Array and the cosmologically orientated experiments it will perform. Simulations of clusters as gravita-

tional lenses show that small scale distortions to the CBR can be ampli�ed to �ll larger beam sizes. This

e�ect will be of the same order of magnitude as the S-Z microwave increment at the Wien end of the

CBR. Chapter 4 described an attempt to detect the dusty primeval galaxies through the lensing cluster

Cl 2244 using the present bolometer system on the JCMT. Finally, work on SCUBA itself was presented

in Part II in which the importance of high aperture e�ciency, and low background loading through single

moded optics was emphasized in the design of the feedhorn antennas. CBR experiments such as the

one simulated and then attempted during the course of this thesis are major motivators for building a

bolometer array such as SCUBA.

The Microwave Background through Clusters

Based on the mass potential approach of Kochanek & Blandford [1987], a model for gravitational lensing

by galaxy clusters was derived, and qualitatively compared to the work of Grossman & Narayan [1989]

who successfully simulated the observed optical luminous arcs. Models of the clusters Abell 370 and

Cl 2244 show that a random �eld of �uctuations at a redshift of z = 10 is spead out into larger area blobs

near the cluster centre, and into arcs at further distances up to the region of the characteristic radius.

Distortions in the CBR on the scale of ∼5′′−10′′ can be ampli�ed into beams that are a few times larger.

The motivation for a submillimetre background comes from the models of galaxy formation in which

131



132 S.A. Torchinsky, PhD., University of Edinburgh 1991

the primeval galaxies form, and undergo a burst of star formation leaving the next generation of stars

enveloped in dust. The dust re-radiates thermally at about 40 K the emission from the stars within.

One can then construct a submillimetre sky composed of a bumpy background of thermal emitters of

temperature ∼5 K if the primeval galaxies are presumed to be at a redshift of ∼10. The simple model of

a Gaussian power spectrum to simulate the submillimetre background was gauged against the detailed

models of Bond et al. [1986, 1990]. The �uctuations are predominantly on the ∼5′′ − 10′′ scale, and

the maximum amplitude is strictly constrained by the spectral smoothness of the CBR as measured by

COBE.

With the S-Z experiment becoming feasible at the Wien frequencies of the CBR, it is a signi�cant

result in Chapter 3 that care must be taken when measuring the Microwave Increment. Even the relatively

small distortion amplitude due to dusty primeval galaxies would be ampli�ed su�ciently to be within the

same order of magnitude as the S-Z distortion. This is especially true of the established lensing clusters,

but the gravitational lens e�ect will also play a part in other clusters, including S-Z candidate clusters.

The estimate of H0 will be erroneously e�ected if it is based solely on the measured microwave increment

without taking into account other distortions to the CBR.

JCMT Observation of Cl 2244�02

Chapter 4 described a deep photometry experiment using the present bolometer system on JCMT. With

UKT14, an attempt was made to detect the 850 µm �ux towards the cluster Cl 2244. Before the pub-

lication of COBE's results, one could expect as much as 100 mJy �ux from the gravitationally lensed

submillimetre excess based on the rocket borne measurements of Matsumoto et al. [1988]. Based on the

results of Chapter 3 which carefully took account of the COBE measurement, this expected �ux was

re-evaluated to ∼5 mJy. UKT14 would require approximately nine observing shifts with good weather,

however, the two shifts of 27-28 June, 1990 did produce a noise level of 11.6 mJy after sky subtraction

(i.e. a �ux di�erential of 11.6 mJy). The 1.7σ `detection' corresponded to an upper limit on anisotropy

of ∆T/T < 4.6× 10−3, at 850 µm and, when gravitational lensing is considered, the angular scale was

∼5′′.
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Feedhorn Design for SCUBA

The technical aspects of SCUBA were the subject of the three Chapters in Part II which presented analyses

for the design of the feedhorn antennas, waveguides, and integrating cavities. The main motivation for

a submillimetre camera is possibly for searches of protostars which are the embedded point sources that

studies in star formation are desperate to uncover [see e.g.Moore 1989, Chandler 1990]. For this reason,

high aperture e�ciency was deemed a priority in designing the SCUBA horns. The SCUBA horns will

also have excellent spillover e�ciency, which is important for all types of observations, including those of

extended regions of thermal emission, such as from the CBR.

The design of the feedhorn for the Submillimetre Common User Bolometer Array has therefore been

undertaken within the con�nes of the following criteria: high aperture e�ciency, minimal background

loading, and ease of manufacture. Aperture e�ciency is optimized by having a horn with mouth radius

am = Fλ and with a small �are angle in order to have the beam phase centre near to the horn mouth.

Background loading can be controlled by designing into the feed the ability to �pick out� the desired

signal. For point source observations this is achieved through single moded optics, while observations

of extended thermal sources also bene�t because of the relatively high beam e�ciency associated with

single moded devices. The horns for the SCUBA array number 128, and although corrugated devices

can possibly be manufactured to the small dimensions required for submillimetre feedhorn, the cost and

time required to make such a large quantity is prohibitive. Therefore, for aperture e�ciency, minimal

background loading, and ease of manufacture, the SCUBA horns are very long, single moded conical

horns.

In order to preserve the single moded integrity of the system it was shown in Chapter 6 that this can

be achieved in some cases without the use of a waveguide component. This was submitted as a possible

solution to the di�culty experienced in initial attempts to manufacture the feedhorns. The signi�cant

cost saving was weighed against the demand on manpower to the ROE workshop, and it was decided to

contract out the horn manufacture to a specialist workshop. Their high RPM CNC lathe will make the

manufacture of the tiny waveguide components less problematic, so horns with wider exit apertures and

with waveguides will be used which allow for a wider bandpass.

The systems were also analysed to quantify their behaviour when receiving non-optimum frequencies

of radiation. In the 700 µm case, the system is still single moded, although the aperture e�ciency is not

optimized. It was shown how overmodedness degrades the sensitivity of the receiver in the 600 µm and

the 350 µm cases.
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Finally, the SCUBA integrating cavity was investigated. A scattering analysis was done to show

that virtually all the radiation survives the step junction between the waveguide and integrating cavity.

Next, a transmission line model of the bolometer response to all the modes present in the cavity showed

that 100% absorption is not possible in a multimoded system if one must rely on the tuning of a standing

wave. Nonetheless, multiple re�ections in the integrating cavity allow for nearly 100% absorption. The

analysis was instructive in showing that the number and form of the propagating modes is an important

consideration in a tuned cavity.

The SCUBA Project will have the horns fabricated by an outside contractor according to the speci-

�cations derived in Part II.

Future Cosmology Experiments with SCUBA

In addition to the S-Z and the primeval galaxy experiments discussed in this thesis, SCUBA will also be

capable of further microwave background related observations. Two other distortions can occur to the

CBR which rely on gravitational lensing. Both of these e�ects are powerful diagnostics in cosmology,

with the transverse velocity of clusters of galaxies as one direct observable, and the existence of a cosmic

string as the other.

It is fairly straightforward to show that a lens passing transversely across an observer's line of sight

in front of a uniform blackbody background will cause an apparent distortion to the background with a

particular signature. Photons that pass in front of the lens receive a kick, while those interacting with

the retreating lens su�er a drag. In the �rst case the energy of the photons is increased and in the second

decreased. The result is a bi-modal discontinuity in the uniform background with an amplitude directly

proportional to the velocity of the lens. Thus, with a cluster of galaxies as the gravitational lens and the

CBR as the uniform background, the transverse velocity of the cluster is measurable [Birkinshaw & Gull

1983].

Some models of galaxy formation require the existence of cosmic strings which provide the needed

perturbations in the primordial density �eld around which matter can condense into stars and galaxies.

To date, only circumstantial evidence exists in favour of a cosmic string. A relatively small sized �eld

with a large number of twin galaxies suggests a cosmic string, albeit a highly twisted one, at a redshift of

z = 0.07 [Cowie & Hu 1987]. Veri�cation of this cosmic string is possible in a submillimetre experiment.

Once again, using the CBR, the cosmic string which is massive and expected to vibrate at nearly the

speed of light, will cause a step discontinuity in the CBR that is directly a map of the string [Kaiser &
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Stebbins 1984]. SCUBA is particularly suited to this experiment since it will have the mapping capability

peculiar to an array instrument.

Final Remarks

The emphasis of this thesis has been on cosmology experiments using a submillimeter continuum array

receiver. Firstly, simulations of a submillimetre background due to dusty primeval galaxies were pre-

sented, along with the observations that would result when gravitational lensing by clusters of galaxies

is considered. The experiment was tried with the single pixel bolometer system on the JCMT, and it

was recognized that in the near future, SCUBA, with its more sensitive detectors would be capable of

successfully carrying out this experiment. Finally, the extensive design considerations of the feedhorn

antennas, and the bolometer integrating cavities were carried out.
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Appendix A

Cylindrical Waveguide Modes

Since the devices dealt with in Part II all have cylindrical symmetry, the analysis always begins with the

�elds that satisfy Maxwell's equations in a cylinder with perfectly conducting walls. These are the TEnm

and TMnm cylindrical waveguide modes and they are written out explicitly here. Maxwell's equations in

the absence of free charges take the following form:

~∇ · ~E = 0 ~∇ · ~H = 0

~∇× ~E = −µ∂ ~H
∂t

~∇× ~H = ε∂ ~E
∂t

(A.1)

These can be recast into the wave equation which must be satis�ed by each component of the EM �elds.

However, it is useful to consider the problem in terms of the direction of propagation, and the components

transverse to this direction. Thus, the normal components must satisfy the wave equation:

∇2Ez −
1
c2

∂2

∂E2
z

t = 0, (A.2a)

∇2Hz −
1
c2

∂2

∂H2
z

t = 0, (A.2b)

and the transverse components are related to the normal according to

~E⊥ =
1

µεω2 − k2

[
−iµẑ × ~∇⊥Hz + ik~∇⊥Ez

]
(A.3a)
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~H⊥ =
1

µεω2 − k2

[
iεωẑ × ~∇⊥Ez + iµk~∇⊥Hz

]
. (A.3b)

Solutions of the kind which have no normal magnetic �eld are called the Transverse Magnetic (TM) and

those with no normal electric �eld are the Transverse Electric (TE). In cylindrical geometry, bounded by

a perfect conductor, these are the following:

Ẽ
TE

nm =
(
−ωa

2γnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ + Jn + 1

(
γnm

r
a

)
ei(n + 1)θ

]
x̂

+
(
−iωa
2γnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ − Jn + 1

(
γnm

r
a

)
ei(n + 1)θ

]
ŷ

(A.4a)

H̃
TE

nm =
(

ika
2µγnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ − Jn + 1

(
γnm

r
a

)
ei(n + 1)θ

]
x̂

+
(

−ka
2µγnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ + Jn + 1

(
γnm

r
a

)
ei(n + 1)θ

]
ŷ

+ 1
µJn

(
γnm

r
a

)
einθx̂

(A.4b)

Ẽ
TM

nm =
(

ika
2γnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ − Jn + 1

(
γnm

r
a

)
ei(n + 1)θ

]
x̂

+
(

−ka
2γnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ + Jn + 1

(
γnm

r
a

)
ei(n − 1)θ

]
ŷ

+ Jn

(
γnm

r
a

)
einθx̂

(A.4c)

H̃
TM

nm =
(
−ωaε
2γnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ + Jn + 1

(
γnm

r
a

)
ei(n + 1)θ

]
x̂

+
(

iωaε
2γnm

) [
Jn − 1

(
γnm

r
a

)
ei(n − 1)θ − Jn + 1

(
γnm

r
a

)
ei(n − 1)θ

]
ŷ

(A.4d)

where a is the radius of the guide, ω = 2πν is the frequency in radians per second, ε is the electric

permitivity, and µ is the magnetic permeability. The impedence of free space is Z0 =
√
µ/ε = 377Ω, and

the speed of light in a vacuum is c = 1/
√
εµ = 2.9979× 108m s−1. For the TEnm modes, the γnm are the

mth zero of the �rst derivative w.r.t. the argument of Bessel function order n, and for the TMnm modes
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they are the mth zero of Bessel function order n. The wavenumber in the guide is

k = (ω/c)
√

1− (γnm/γ)2 (A.4e)

where γ is a dimensionless frequency parameter related to the frequency and the radius of the guide

γ = ωa/c (A.4f)

The power in each cylindrical wave mode is the integrated Poynting vector over the cross section of the

guide:

Pnm { TETM }= 1
πa2

∫ a

0

∫ 2π

0

r dθ dr
∣∣∣Ẽnm × H̃

∗
nm

∣∣∣
= { 1/µε }

(
ωk

(c)∗
nm a2

g

4µγ2
nm

)
Pnm

(A.4g)

where

Pnm =
∫ 1

0

ρ dρ
[
J2

n − 1 (γnmρ) + J2
n + 1 (γnmρ)

]
. (A.4h)

Note that the axial component of the magnetic or electric �elds in the TE or the TM modes doesn't

contribute to the power �ow.



152 S.A. Torchinsky, PhD., University of Edinburgh 1991



Appendix B

Laguerre�Gauss Beams

The propagation of electromagnetic radiation in free space when it emanates from a longitudinal source,

such as a laser, or a feedhorn, is conveniently expressed in terms of the Laguerre�Gauss beams. This

was �rst introduced in 1966 by Kogelnik & Li in order to analyze lasers. Reviews of Gaussian Beam

theory can be found in Siegmann [1971], Marcuse [1972], and Martin & Lesurf [1978]. The subject of

Quasi-Optics is extensively treated by Goldsmith [1982]. A derivation is presented in this appendix.

The wave equation,

∇2Ψ− 1
c2

∂2

∂Ψ2
t = 0 (B.1)

as in the previous appendix, can be reduced to the following problem when it is assumed that the

propagation is strongly directional along the z axis. Substituting

Ψ(x, y, z) = ψ(x, y, z)eiωt−iωz/c (B.2)

where ψ(x, y, z) is a slowly varying function in z reduces the wave equation to the Laplace equation,

∇2ψ = 0. (B.3)

Since ψ is slowly varying along the axis of propagation, the second derivatives in z are neglected as being

153



154 S.A. Torchinsky, PhD., University of Edinburgh 1991

second order small compared to other terms. This leads to

∇2
⊥ψ − 2iωψ/c = 0, (B.4)

and the propagation constant is set equal to ω/c as in a plane wave solution. In cylindrical polar geometry,

the solution to Eq. B.4 is that used in Chapter 7:

ψnm =
1√
πW

(
2r2

W 2

)n/2

Lnm

(
2r2

W 2

)
exp

(
− r2

W 2
+ i

πr2

λR
+ iΦ + inθ

)
. (B.5a)

The Laguerre polynomials are given by the generating function

Lnm(x) =
dn

dxn
L0 m+n, L0m = ex dm

dxm

(
e−xxm

)
, (B.5b)

which is the well known Rodrigues' formula.

W = W0

√
1 + (λz/πW 2

0 )2, (B.5c)

and

R = z
[
1 +

(
πW 2

0 /λz
)2]

. (B.5d)

W0 is the beam waist radius which occurs at the focus of the L-G beam (z = 0), and Φ is the phase

slippage, in addition to that of a spherical wave, relative to the fundamental L-G mode,

Φ = (2m+ n)Tan−1
(
zλ/πW 2

0

)
. (B.5e)

The functions are normalized such that the power in a Laguerre-Gaussbeam mode is unity. That is,

1 =
∫ ∞

0

∫ 2π

0

rdθ dr 2Ψnm ·Ψ∗
nm.

The Gaussian Beam Telescope

One of the great advantages of using Gaussian beams apart from its convenient description of wave

propagation in free space, is its use for analyzing optical systems. The Gaussian beam approach allows
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the use of geometric optic techniques to determine the beam con�guration throughout an optical train,

as well as the focus locations. This is the relatively new �eld of Quasi-Optics.

In analogy to a spherical wave, a complex wavefront radius can be de�ned for the Gaussian beam of

Eq. B.5a,

1/q = 1/R+ iλ/πW 2, (B.6)

and the Gaussian beam will obey the normal lens law for determining the focus of a beam on either side

of a lens. viz.

1/q1 − 1/q2 = 1/f. (B.7)

At the lens itself, the waist radius of the incoming beam must equal that of the outgoing beam,

W01

√
1 + (λd1/πW 2

01)
2 = W02

√
1 + (λd2/πW 2

02)
2
. (B.8)

Combining Eqs. B.7 and B.8 derives the position of the focus on the other side of a lens from a beam

emanating (i.e.with waist radius) at the distance d1 from a lens.

d2

f
= 1 +

d1/f − 1
(d1/f − 1)2 + (πW 2

01/λf)2
. (B.9)

One can see immediately that positioning the beam source at the focal distance of the lens (d1 = f) leads

to the frequency independent position of the beam focus on the other side of the lens at its focal distance.

This then advocates an optical train setup in which lenses are separated by the sum of their focal lengths:

the Gaussian Beam Telescope. A frequency independent focus is obviously essential in a system which

hopes to detect radiation across a �nite waveband, such as any continuum receiver.


